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Abstract. Given a stratified variety X with strata satisfying 
a cohomological parity-vanishing condition, we define and show 
the uniqueness of "parity sheaves", which are objects in the con- 
structible derived category of sheaves with coefficients in an arbi- 
trary field or complete discrete valuation ring. 

If X admits a resolution also satisfying a parity condition, then 
the direct image of the constant sheaf decomposes as a direct sum 
of parity sheaves. If moreover the resolution is semi-small, then 
the multiplicities of the indecomposable summands are encoded in 
certain intersection forms appearing in the work of de Cataldo and 
MigHorini. We give a criterion for the Decomposition Theorem to 
hold. 

Our framework applies in many situations arising in represen- 
tation theory. We give examples in generalised flag varieties (in 
which case we recover a class of sheaves considered by Soergel), 
toric varieties, and nilpotent cones. Finally, we show that tilting 
modules and parity sheaves on the affine Grassmannian arc related 
through the geometric Satake correspondence, when the character- 
istic is bigger than an explicit bound. 
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1. Introduction 

1.1. Overview. Perverse sheaves often encode information about rep- 
resentation theory. One may associate complex algebraic varieties to 
many important objects in Lie theory (for example the flag variety 
or nilpotent cone) and the study of perverse sheaves on these spaces 
has led to breakthroughs in representation theory — the first example 
being the proof of the Kazhdan-Lusztig conjecture ||BB81| , [BK81|| . 



Generally, the coefficients of the perverse sheaves are chosen to be 
a field of characteristic zero and a key role is played by the Decompo- 
sition Theorem of [ |BBD82| |. The Decomposition Theorem states that 



a distinguished class of objects, consisting of direct sums of shifts of 
simple perverse sheaves, is preserved under push-forward along proper 
maps. 

Over the last ten years, several authors (e.g. HSoeOq , |MV07j |Jut07| ) 



have noticed that questions in modular representation theory can be 
rephrased in terms of questions about "modular perverse sheaves"; here 
the variety is still complex algebraic, however the coefficients lie in a 
field of positive characteristic. The study of modular perverse sheaves 
is considerably more difficult than its characteristic zero counterpart. 
One reason for this difficulty is that the Decomposition Theorem does 
not apply in the modular context. In other words, there are proper 
maps for which the push-forward of a simple perverse sheaf is not a 
direct sum of shifts of simple perverse sheaves. When this happens, 
we will say that "the Decomposition Theorem fails". In [|JMW09|, we 
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explain a number of examples of such "failures" and survey applications 
to representation theory. 

In this article we introduce a new class of indecomposable complexes 
which we call parity sheaves. First, we say that a complex of sheaves 
is a parity complex is it has the property that its stalks and costalks 
both vanish in either even or odd degree. The indecomposable par- 
ity complexes are shifts of certain "normalised" indecomposable parity 
complexes that we chose to call parity sheaves. A remark on terminol- 
ogy: as for "perverse sheaves", we allow ourselves to call "sheaves" some 
objects which are actually complexes. We prove that, under certain 
assumptions on the stratification of the underlying complex algebraic 
variety, parity sheaves share many features with intersection cohomol- 
ogy sheaves with coefficients in characteristic zero. Some examples of 
their properties include: 

• parity sheaves are always an extension of a local system on a 
stratum, and there exists up to isomorphism at most one such 
extension; 

• in many examples, if the coefficients field of characteristic 
zero, the parity sheaves are the intersection cohomology sheaves; 

• the class of parity complexes is preserved by certain "even" 
proper maps whose fibres satisfy a form of parity vanishing. 

Moreover, many stratified complex algebraic varieties arising from 
representation theory satisfy our assumptions, and the parity sheaves 
correspond to important objects in representation theory. For example: 

• If the characteristic of the field of coefficients is larger than ex- 
plicit bounds, the parity sheaves on the affine Grassmannian 
correspond, under the geometric Satake equivalence, to inde- 
composable tilting modules. 

• Using equivalences proved recently by Fiebig [Fic07| one may 
show that the parity sheaves on a subvariety of the affine flag 
variety correspond to projective modules for the restricted en- 
veloping algebra of the dual group (the connection between par- 
ity sheaves and Fiebig's work will be explained in ||FW|| ). This 
allows a reformulation of Lusztig's conjecture in terms of the 
stalks of parity sheaves. 

• On the nilpotent cone for the general linear group, the parity 
sheaves correspond to Young modules for the symmetric group. 
This will be explained in [ Man ] . 

Thus we are able to translate several important problems in repre- 
sentation theory, like understanding the characters of tilting modules 
for a reductive algebraic group, into the problem of determining the 
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stalks of the parity sheaves. This, in turn, may be rephrased in terms 
of understanding the failure of the Decomposition Theorem. Indeed, 
for many proper maps arising in representation theory the Decompo- 
sition Theorem is equivalent to the parity sheaves being isomorphic to 
intersection cohomology complexes. 

In recent work de Cataldo and Migliorini ||dCM02| , |dCM05|| have 



given Hodge theoretic proofs of the Decomposition Theorem. In their 
work a crucial role is played by the case of semi-small resolutions, and 
certain intersection forms attached to the strata of the target. In- 
deed, they show that for a semi-small morphism the direct image of 
the intersection cohomology sheaf splits as a direct sum of intersection 
cohomology complexes if and only if these forms are non-degenerate. 

We extend this observation, showing that the non- degeneracy of the 
modular reduction of these intersection forms (which are defined over 
the integers) determine exactly when the decomposition theorem fails 
in positive characteristic. Moreover, if the direct image of the inter- 
section cohomology sheaf under such a resolution is parity, then the 
multiplicities of the parity sheaves which occur in the direct image are 
given in terms of the ranks of these forms. 

This observation allows us to reformulate questions in representa- 
tion theory (for example the determination of the dimension of simple 
modules for the symmetric group) in terms of such intersection forms. 

We now turn to a more detailed summary of our results. 

1.2. The general setting. Let X be a complex algebraic variety, or 
a complex G-variety for a connected complex linear algebraic group 
G. Below we bracket the features that only apply to the equivariant 
setting. We assume that X is equipped with a Whitney stratification 
into (G-stable) locally closed smooth subvarieties: 

x = \_\ x x . 

AeA 

Fix a field /c.|] We assume that the strata of X satisfy a "parity van- 
ishing" condition (see Section |2.2|) : we require that the (equivariant) 
cohomology H l (X\,C) vanishes for odd % and all (equivariant) local 
systems L on X\ with coefficients in k. For example, if the strata of X 
are simply connected this amounts to the vanishing of the cohomology 
of each stratum X\ over k in odd degree. 

Examples of varieties satisfying our assumptions are: 

(1) the flag variety G/B stratified by Schubert cells; 



1 Under the appropriate hypotheses, everything below is valid if k is a complete 



local ring. See Section 2.2 
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(2) the nilpotent cone Af C g viewed G-variety;n 

(3) the affine Grassmannian stratified by Cr[[i]]-orbits; 

(4) any toric variety, viewed as a T-variety. 

Let D(X) denote the full subcategory of the (equivariant) derived 
category of sheaves of k- vector spaces consisting of complexes whose 
cohomology is constructible with respect to the stratification. 

The central definition is the following: 

Definition 1.1. An object V G D(X) is an even (resp. odd) com- 
plex if the stalks and costalks of V are both concentrated in even (resp. 
odd) degree. A complex V is parity, if it is either even or odd. 

Our first theorem is the following (see Theorem |2.9| ): 

Theorem 1.2. Given an indecomposable (equivariant) local system £ 
on some stratum X\ there is, up to isomorphism, at most one indecom- 
posable parity complex S(X, C) extending £[dimXA]. Moreover, any in- 
decomposable parity complex is isomorphic to S(X, C) [i] for some A G A, 
some (equivariant) local system C on X\, and some integer i. 

Definition 1.3. We call the £(\,C) parity sheaves. 

In general the question of existence is more difficult. To this end we 
introduce the notion of an even morphism (see Section |2.3| ) and show: 



Theorem 1.4. The direct image under a proper even map of a parity 
complex is again parity. 



In light of Theorem |1.2j , Theorem [I | functions as a kind of decom- 
position theorem and shows the crucial role played by parity sheaves: 

Corollary 1.5. Assume that all intersection cohomology complexes in 
D(X) are parity. Then, given any proper, even, stratified morphism 
tt : X — > X, the Decomposition Theorem holds for ir^k^-. That is, 
7r*k_x is a direct sum of shifted intersection cohomology complexes. 

In several important examples in representation theory, one has a 
proper surjective semi-small map 

f-X^X 

with X smooth, and such that the direct image f^k^ of the constant 
sheaf on X is parity. 



Following de Cataldo and Migliorini ||dCM02|| we associate to each 



stratum X\ a local system C\ equipped with a bilinear form B\ . For 



"In this case we need the additional assumption that the characteristic of k is 



not a torsion prime for G (see sections 4.3 for details) 
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each x £ X\, the stalk of C\ at x is either zero or canonically isomorphic 
to the top Borel- Moore homology of f~ 1 (x) in which case the bilinear 



form is given by an intersection form. We show (see Theorems [3]5] and 



O0|) : 

Theorem 1.6. 

(1) If each B\ is non- degenerate, then we have an isomorphism 

M^[dim c X] = 0IC(£ A ). 

Hence the decomposition theorem holds for f*k ^[dimc X] if and 
only if B\ is non- degenerate and £ A is semi-simple, for all A £ 
A. 

(2) In general we have 

/^[dim c X] 0£(A,£ A /rad5 A ) 

and hence the multiplicity of£(X,C) in f\k^[d\mcX] is equal 
to the multiplicity of C in C\/ radi? A . 

1.3. Applications. In the second half of the paper, we give a number 
of examples, hopefully demonstrating the variety of situations where 
parity sheaves provide interesting objects of study. 

We show the existence and uniqueness of parity sheaves on the fol- 
lowing varieties: 

(1) A (Kac-Moody) flag variety Q jVj either viewed as a "Pj-variety, 
or stratified by P/-orbits, where Vj and Vj are standard (finite 
type) parabolic subgroups (see Section |4.1| ). 

(2) Any toric variety X(A) viewed as a T- variety (see Section [4.2| ). 

(3) The nilpotent cone in Af C gt n viewed as a GL n - variety (see 
Section fO|). 

The most interesting case is the affine Grassmannian, viewed as a 
ind-G(C[[t]])-variety (which is a special case of ([[]) above). Recall 
that, after fixing a commutative ring k, the geometric Satake theo- 
rem ( ||MV07|| ) gives an equivalence between the category of G(C[[t]])- 
equivariant perverse sheaves with coefficients in k under convolution 
and the tensor category of representations of the split form of the Lang- 
lands dual group scheme G v over k. 

A particularly interesting class of representations of algebraic groups, 
the tilting modules, were introduced by Donkin [|Don93], following work 



of Ringel ||Rin91|| in the context of quasi-hereditary algebras. We show 
that, under the geometric Satake equivalence, the perverse sheaves cor- 
responding to the tilting modules are parity for all but possibly a finite 
number of primes. 
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In the following theorem, let h denote the Coxeter number of G: 

Theorem 1.7. If the characteristic ofk is strictly larger than h+1 (see 
Section^ for better bounds), then for each dominant coweight A, the 
parity sheaf S(X) is perverse and corresponds under geometric Satake 
to the indecomposable tilting module of G v with highest weight A. 

We also note that a positive solution to the conjecture of Mirkovic 
and Vilonen ||MV07| , Conj. 13.3], as modified by the first author [ |Jut08b| , 



Conj. 6.1], would imply that this theorem were true for all good char- 
acteristics. 

As a consequence of the above theorem one obtains a theory of u q- 
characters" for tilting modules (see Section |5.3|) . 



We also recall that the dimensions of the irreducible representations 
of the symmetric groups can be determined from the decomposition of 
tensor products of the standard representation of GL n into indecom- 
posable tilting modules and explain how the previous theorems can be 
used to reinterpret this fact geometric statement. 

1.4. Related work. We comment briefly on ideas related to the cur- 
rent work: 

1.4.1. Soergel's category /C. The idea of considering another class of 
objects as "replacements" for intersection cohomology complexes when 
using positive characteristic coefficients is due to Soergel in ||SoeOO 



He considers the full additive subcategory /C of the derived category 
of sheaves of fc-vector spaces on the flag variety which occur as direct 
summands of direct images of the constant sheaf on Bott-Samelson 
resolutions. Furthermore, he shows (using arguments from representa- 
tion theory) that if the characteristic of k is larger than the Coxeter 
number, then the indecomposable objects in /C are parametrised by the 
Schubert cells. In fact the indecomposable objects in Soergel's category 
/C are parity sheaves, and our arguments provide a geometric way of 
understanding his result. 

1.4.2. Parity vanishing and intersection cohomology. The usefulness of 
some form of parity vanishing in equivariant and intersection coho- 
mology calculations has been pointed out by many authors. See for 
example ||KL80|| , ||GKM98|| and pJOl] . 



1.4.3. The work of Cline, Parshall and Scott. Cline, Parshall and Scott 
||CPS93|| have considered a collection of objects satisfying a similar par- 



ity vanishing condition in the derived category of a highest weight cat- 
egory. They use such objects to reformulate Lusztig's conjecture in 
terms of the non-vanishing of an Ext-group. In Appendix [A], we briefly 
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comment on the connection between our definition and theirs, as well 
as a paper of Beilinson, Ginzburg and Soergel [|BGS96| . 



1.4.4. Tilting perverse sheaves. In the paper |[BB1\104|| , Beilinson, Bez 



rukavnikov and Mirkovic define a notion of tilting sheaves. However 
perverse sheaves satisfying their conditions exist only in the restricted 
situation where the !- and ^-extensions from open sets are perverse 
(as is the case when the strata are affine). The affine Grassmannian 
stratified by G[[t]]-orbits, for example, does not satisfy this condition. 

There is, however, a natural generalisation of a definition equivalent 
to theirs. The more general definition which we will use is: modify- 
ing |BB]\I04| , Prop. 1.3] slightly, a perverse sheaf M is tilting with 
respect to a stratification with strata i v : X v — > X, if both M and its 
dual have a filtration with successive quotients of type p i u \N u for N v a 
perverse sheaf on X v . In the case of the affine Grassmannian, under 
the geometric Satake equivalence, this agrees with the usual notion of 
tilting module. 

On the other hand, this more general definition has the stark disad- 
vantage of being of non-local origin — one of the beautiful properties of 
tilting sheaves a la | BBM04 |. One consequence of Theorem |1.7| is that 



it gives a local description of the tilting sheaves in the Satake category. 

It should be mentioned that in the situation of the finite flag variety, 
the parity sheaves are not tilting: in almost all characteristics they are 
intersection cohomology sheaves. 

1.4.5. Intersection cohomology of toric varieties. Due to work of Bern- 
stein and Lunts ||BL94a | and Barthel, Brasselet, Fieseler and Kaup 



[ |BBFK99| and the rational equivariant intersection cohomology of toric 
varieties can be calculated using an algorithm from commutative alge- 
bra. The construction is inductive, starting with the open strata and 
calculating the stalk of the intersection cohomology sheaf at each new 
stratum as the projective cover of a module of sections. 

In general the intersection cohomology of toric varieties with modular 
coefficients is more difficult to calculate. For example, parity vanishing 
of stalks need not hold. However it seems likely that the stalks of parity 
sheaves on toric varieties can be calculated in an similar manner, by 
mimicking the above algorithm, but where coefficients are taken in a the 
corresponding field, rather than Q. This will be discussed elsewhere. 



1.4.6. The Braden-MacPherson sheaf and intersection cohomology of 
Schubert varieties. Similarly to case of toric varieties, in [ [BMP If Braden 
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and MacPherson give an algorithm to inductively calculate the inter- 
section cohomology of Schubert varieties (as well as certain other T- 
varieties). In a series of papers (see, for example, | Fie07|| ) Fiebig has 



shown that the objects one obtains by imitating their algorithm with 
coefficients of positive characteristic have important representation the- 
oretic applications. Thus it is natural to ask what geometric meaning 
such a procedure has. In a forthcoming paper ||FW|| Fiebig and the 



third author show one obtains in this way the stalks of parity sheaves. 

1.4.7. Quiver and hypertoric varieties. In addition to the examples 
considered in this paper, parity sheaves should exist on the quiver vari- 
eties introduced by Lusztig and Nakajima. The examples provided by 
hypertoric varieties should also be interesting and amenable to direct 
calculations, as here the intersection forms have combinatorial descrip- 
tions |P506| . 



1.4.8. Weights and parity sheaves. If one works instead over a variety 
X Q defined over a finite field ¥ q one can consider the derived category 
D b (X , Qi) of Q^-sheaves (see pBD82|| for details and notation) and an 



important role is played by Deligne's theory of weights. It is not clear 
to what extent this theory can be extended to the categories D b (X Q , Z^) 
or D b c (X ,W t ). 

However, in all examples considered in this paper one can proceed 
naively, and say that T Q G D b c {X ,7Li>) (resp. D b c (X ,¥i)) is pure of 
weight if WiT) and W^DJ 7 ) vanish for odd i and, for all x G X (¥ q n) 
the Frobenius F* n acts on the stalks of H 2l (JF) and 7Y 2l (DjF) as multipli- 
cation by a 111 (the image of q m in respectively). With this definition 
one can show that, in all examples considered in this paper, there exist 
analogues of parity sheaves which are pure of weight 0. Note, however, 
that the modular analogue of Gabber's theorem is not true: if T in 
D b (X Q , Zi) or D b c (X , F<?) is pure of weight 0, then T is not necessarily 
semi-simple. 
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2. Definition and first properties 

2.1. Notation and assumptions. In what follows all varieties will be 
considered over C and equipped with the classical topology. We fix a 
complete local principal ideal domain k and all sheaves and cohomology 
groups are to be understood with coefficients in k. Let O denote a 
complete discrete valuation ring (e.g., a finite extension of Z p ), K its 
field of fractions (e.g., a finite extension of Q p ), and F its residue field 
(e.g., a finite field ¥ q ). Throughout X denotes either a variety, or a 
G-variety for some connected linear algebraic group G. In sections || 
and |3] we deal with these two situations simultaneously, bracketing the 
features which only apply in the equivariant situation. In the examples, 
we will specify the set-up in which we work. 



We fix an algebraic stratification (in the sense of ||CG97| , Definition 
3.2.23]) 

X= \_\X X 

AeA 

of X into smooth connected locally closed (G-stable) subsets. For each 
A G A we denote by i\ : X\ — ► X the inclusion and by d\ the complex 
dimension of X\. 

We denote by D(X), or D(X; k) if we wish to emphasise the coeffi- 
cients, the bounded (equivariant) derived category of fc-sheaves on X 



constructible with respect to the stratification (see |[BL94b|| for the def- 



inition and basic properties of the equivariant derived category). The 
category D(X) is triangulated with shift functor [1]. We call objects 
of D(X) complexes. For all A G A, k x denotes the (equivariant) con- 
stant sheaf on X\. Given T and Q in D(X) we set Hom(jF, Q) ■ = 
B.omD(x)(^,G) and Hom n (.F, Q) := Hom(jF, £[n]). We can form the 
graded /c-module Hom'(jF, Q) ■= © ngZ Hom n (jF, Q). 

By our assumptions on k, D(X) is a Krull-Schmidt category (see 
|[LC07|1 ) and hence the endomorphism ring of an indecomposable object 
in D(X) is local. 

For each A, denote by Locf (X\, k) or Locf (X\) the category of (equi- 
variant) local systems of free fc-modules on X\. We make the following 
assumptions on our variety X. For each A G A and all C, C G Locf (X\) 
we assume: 



(2.1) 



Horn 71 (£,£') = for n odd 
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and 

(2.2) Hom n (£, £') is a free fc-module for all n. 

Remark 2.1. 

(1) When k is a field, all finite dimensional fc-modules are free, so 
the second assumption can be ignored. 

(2) Given two local systems £, £' G LoCf (X\) we have isomor- 
phisms: 

Horn' (£, £') = Hom*(i A , £ v <g> £') = H*(£ v <g> £'). 

Hence ( |2.1|) and are equivalent to requiring that HT*(£) is a 
free /c-module and vanishes in odd degree, for all £ G LoCf(A^). 

Finally, for A G A and £ G LoCf(X A ), we denote by IC(A, £), or 
simply IC(A) if £ = k, the intersection cohomology complex on X\ 
with coefficients in £, shifted by d\ so that it is perverse, and extended 
by zero on X \ X\. 

2.2. Definition and uniqueness. 

Definition 2.2. In the following ? G {*,!}• 

• A complex T G D(X) is ?-even (resp. ?-odd) if, for all 
A G A, % X T is an object of LoCf(X^) with cohomology sheaves 
concentrated in even (resp. odd) degrees. 

• A complex T is ?-parity if it is either ?-even or ?-odd. 

• A complex T is even (resp. odd) if it is both *- and !-even 
(resp. odd). 

• A complex T is parity if it is either even or odd. 
Remark 2.3. 

(1) A complex is ?-even (resp. odd) if and only if the stalks and 
costalks are free and even (resp. odd). 

(2) By ( |2.1| ) and a standard devissage argument, T is ?-even (resp. 
odd) if and only if the i\T are isomorphic to direct sums of even 
(resp. odd) shifts of objects in LoCf(X A ) 

(3) A complex T is *-parity if and only if DjF is !-parity etc. 

(4) This definition is a geometric analogue of a notion introduced 
by Cline-Parshall-Scott in [|CPS93|1 . We discuss the relationship 
in further detail in Appendix 0. 

Given a *-even T G D(X) write X' for the support of T and choose 
an open stratum X^ C X '. We denote by % and j the inclusions: 

X^X^X'\X^ 
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We have a distinguished triangle of *-even complexes 

(2.3) -> T -> z»z*.F 

which is the extension by zero of the standard distinguished triangle 
on X'. Dually, if Q G D(X) is !-even and i, j are as above we have a 
distinguished triangle of !-even complexes 

(2.4) ijg ^ g ^ jtj *g 111 . 

Proposition 2.4. I/^ 7 is *-parity and Q is \ -parity the direct sum of 
the adjunction morphisms yields an isomorphism of graded k-modules 

Hom'(^,£) = 0Hom'(^,*- £). 

AeA 

Proof. We may assume without loss of generality, by shifting, that JF 
(resp. Q) is *- (resp. !-) even. We induct on the number N of A G A 
with i\T 7^ 0, with the base case following by adjunction. If N > 1 
applying Hom(— ,Q) to ( |2.3| ) yields a long exact sequence 

• • • <- Hom n (j,j ! J, Q) <- Hom n (f, Q) <- Hom n (i,i*^, 0) «- . . . 

By induction, Hom n (jF, Q) vanishes for odd n and for even n, Hom n (jF, Q) 
is an extension of Hom n (i*2*jF, £/) by Hom n (jij ! ^-', C/). However, by in- 
duction both are free fc-modules and the result follows. □ 

Corollary 2.5. If T is *-even and Q is \-odd then 

Hom(.F, Q) = 0. 

Corollary 2.6. If T and Q are indecomposable parity complexes of the 
same parity and such that j : X M — > X is open in the support of each 
of them, then we have the adjunction map for X\ gives a surjection: 

Hom(^,£) -» Hom(.F, UfQ) = Eom(j*F,j*Q). 

Proof. Apply Hom(.F, — ) to (|2.4|) and use Corollary □ 

The last corollary says that we can extend morphisms j*T — > j*Q 
to morphisms JF ' — > Q . Now we want to investigate how parity sheaves 
behave when restricted to an open union of strata. Before stating the 
result, let us recall a result from ring theory. 

Proposition 2.7. Let A be a finitely generated k-algebra and let I be 
an ideal of A contained in the Jacobson radical of A. Then given any 
idempotent e & A/I there exists an idempotent e G A whose image in 
A/I is e. 
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Proof. This is Theorem 12.3 in |[Fei82 1 . In fact A is complete with 



respect to the topology defined by / and an induction shows that one 
may recursively lift e to A/I m for all m, and hence to A by continuity. 

□ 

Proposition 2.8. Let U C X be an open union of strata. Then given 
an indecomposable parity complex V on X , its restriction to U is either 
zero or indecomposable. 



Proof. Suppose that V has non-zero restriction to U. Proposition |2T4 
shows that restriction yields a surjection 

End(P) -» End(TV) 

whose kernel is contained in the maximal ideal of End("P) which is its 
Jacobson radical because End(P) is local. By Proposition [2.7| we may 
lift idempotents from End(V\u) to End('P). Hence the identity is the 
only idempotent in End(V\u) an d V\u is indecomposable. □ 

Theorem 2.9. Let T be an indecomposable parity complex. Then 

(1) the support closure of T is irreducible, hence of the form X\, 
for some A G A; 

(2) the restriction i\T is isomorphic to £[m], for some indecom- 
posable object C in Locf (X\) and some integer m; 

(3) any indecomposable parity complex supported on X\ and ex- 
tending £{m} is isomorphic to T . 

Proof. Suppose for contradiction that X\ and X M are open in the 
support of J 7 , where A and /i are two distinct elements of A. Let 



U = X\ U X^. Then T\u ~ Tx x © ^x„, contradicting Proposition |278 . 
This proves (|l]). The assertion (Q) also follows from Proposition [2.8| . 

Now let Q be an indecomposable parity complex supported on X\ 
and such that i\Q ~ £[m]. By composition, we have inverse isomor- 



phisms a : i\T ~ %\Q and (3 : %\Q ~ i* x !F. By Corollary p76|, the 



restriction Hom(jF, Q) — > Hom(i^jF, i* x Q) is surjective. So we can lift 
a and ft to morphisms a : T — > Q and ft : Q — > T . By Corollary [21] 
again, the restriction End(jF) — > End(i^jF) is surjective. Since ft o a 
restricts to ft o a — Id, the locality of End(jF) implies that ft o a is 
invertible itself, and similarly for ao ft. This proves □ 

Remark 2.10. If A; is a field, one can replace "indecomposable" by "sim- 
ple" in (0), due to our assumptions on X. 



We now introduce the main character of our paper. 
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Definition 2.11. A parity sheaf is an indecomposable parity com- 
plex with X\ open in its support and extending £[d\] for some inde- 
composable C G Locf(A A ). When such a complex exists, we will denote 
it by £(A, C). If L is constant we will write S(X, k), or S(X) if the coef- 
ficient ring k is clear from the context. We call S(X, C) the parity sheaf 
associated to the pair (A,£). [] 

Thus any indecomposable parity complex is isomorphic to some shift 
of a parity sheaf S(X,C). The reason for the normalisation chosen in 
the last definition is explained by the following proposition: 

Proposition 2.12. For X in A and £ in LoCf(A^), we have 

BS(X,C) ~£(A,£ V ). 

Proof. The definition of parity sheaf is clearly self-dual, so B£(A, C) is 
a parity sheaf. Moreover, it is supported on X\ and extends £ v [c?a]- 
By the uniqueness theorem, it is isomorphic to £(A, C v ). □ 

Remark 2.13. When they exist, the parity sheaves are often perverse, 
and in characteristic zero they usually are the intersection cohomology 
sheaves. We will see many examples below, and also examples of parity 
sheaves that are not perverse (see Proposition |4.15|) . 



2.3. Even resolutions and existence. In the last subsection, we saw 
that, if we fix a stratum X\ and a local system £ on it, then there is 
at most one parity sheaf T such that suppjF = X\ and i\T ~ £[<i\], 
up to isomorphism. 

Now we will give a sufficient condition for the existence of such a 
parity sheaf. For simplicity, we will only consider the case where C is 
trivial (however, T is allowed to have non-constant local systems on 
lower strata). 



Let us recall the following definition from ||GM88| , 1.6]. 



Definition 2.14. Let X = U\^\ X X\ and Y = U^^Y^ ^ e stratified 
varieties. A morphism it : X — > Y is stratified if 

(1) for all yU G Ay, the inverse image ir~ 1 (Y fl ) is a union of strata; 

(2) for each X\ above Y^, the induced morphism 7i\^ : X\ — > Y^ 
is a submersion with smooth fibre = vr^"^^), where is 
some chosen base point in Y^. 

Definition 2.15. A stratified morphism n is said to be even if for all A, 

fi as above, and for any local system C in Loc^ATa), the cohomology of 



3 More generally, if C not indecomposable, we will let £ (A,£) denote the direct 
sum of the parity sheaves associated to the direct summands of C. 
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the fibre F\^ with coefficients in C\p x ^ is torsion free and concentrated 
in even degrees. 

A class of even morphisms, which are common in geometric repre- 
sentation theory and a motivation for the definition, are those whose 
stratifications induce "affine pavings" on the fibres — meaning that all 
of the F\ tlM are affine spaces. Examples of such maps arise in the study 
of flag manifolds and will be discussed in section |j. 

Proposition 2.16. The direct image of a 1-even (resp. odd) complex 
under a proper even morphism is again ? -even (resp. odd). The direct 
image of a parity complex under such a map is parity. 

Proof. First note that if the statement is true for all !-even complexes, 
then it is true for all !-odd complexes (by shifting). It would then also 
true for any *-parity complex because T is *-even (resp. odd) if and 
only if DJF is !-even (resp. odd) by remark |2.tj| and 

as it is proper. 

The second sentence of the theorem is an immediate corollary of the 
first. Thus it remains to show the first statement for !-even sheaves. 

Let = 7r _1 (y /1 ) denote the fibre and Ax(/-t) denote the indices of 
strata in 7r _1 (F M ). Thus we have 7r _1 (l^) = Uaga y (»^- Moreover, 
Ffj, = \_\\eA x (n) F\,n be the fibre of n over y^, where, as above, F Xtfl = 
F^ R X\. We have the following diagram with Cartesian squares: 



i 




i 



Note that we abuse notation and denote by i both inclusions F^ <^-> X 
and {y^} Y, and similarly it denotes any vertical arrow in the above 
diagram. 

Let V G D(X) be a !-even complex. We wish to show that ix*V is 
[-parity. This is equivalent to vn^V being !-parity for all ji. By the 
proper base change theorem, 

r^V^ixJV^W(F^vV). 

We will use the local-global spectral sequence to show that this latter 
cohomology group is parity. 
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Choose a filtration = F C F x C F 2 C ■ • • C F m of the fibre 7r _1 (y M ) 
by closed subsets such that, for all p, 

F p \ = F\ p fJi for some A p <E Ax(aO- 

For all p, let i p : F p \ F p _\ = F Xp41 X denote the inclusion. The 
local-global spectral sequence (see for example the proof of Proposition 
3.4.4 in SoeOlfl ) has the form 

E™ = W+i(F XptlM , i p v) W + o(F„ i-v) 

We may express i p as the composition 

where F Xp4Ji is smooth subvariety of X Xp . It follows that, if d is the 
(complex) codimension of F\ p41 in X\ p , we have 

i p v[2d\ = (z^K,m- 

As V is !-even by assumption, v p V is isomorphic to a direct sum of 
local systems in even degree, all obtained by restriction from torsion 
free local systems on X\ p . 

By assumption, the cohomology of _F M with values in such local sys- 
tems is free and concentrated in even degree and so the above spectral 
sequence degenerates for parity reasons, whence the claim. □ 

One practical application of the previous result is that the existence 
of parity sheaves follows from the existence of even resolutions: 

Corollary 2.17. Suppose that there exists an even stratified proper 
morphism 

n:X x ^X x cX 
which is an isomorphism over X\. 

If there exists a parity sheaf on X\ whose restriction to 7t~ 1 (Xa) = 
X\ is a shifted local system C[d\] on X\, then there exists a parity sheaf 
V on X satisfying 

(1) iu]^p~P = X x ; 

(2) V lXx = C[d x ]. 

In particular, if n is a resolution of singularities , then the above holds 
for C = k x , since in this case k^[d x ] is parity. 

Proof. This result follows from the previous proposition. □ 

Remark 2.18. In the above situation, if k is a field of characteristic 
zero then the Decomposition Theorem asserts that the direct image 
7r *kx x [d-x} ^ s isomorphic to a direct sum of intersection cohomology 
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complexes. We have already seen that n*kx x \^x\ ^ s P ar ity and it follows 
that the parity sheaf S(\) is isomorphic to the intersection cohomology 
complex IC(A). Then it follows that S(X,¥ P ) = IC(A,F P ) for almost 
all p, however the question as to whether this holds for a fixed p is very 
difficult in general. 

2.4. Modular reduction of parity sheaves. Let k — > k' be a ring 
homomorphism. In this section, we will consider the behaviour of parity 
sheaves under the extension of scalars functor, which we denote by 

k'(-) ■= k' ® k - : D(X; k) -> D(X; k') 

Lemma 2.19. Suppose that T G D(X,k) is 1-even (resp. odd), then 
k'{T) is ? -even (resp. odd). In particular, if T is a parity complex, 
then so is k'{T). 

Proof. It suffices to prove the ?-even case. It is equivalent to show that 
the ?-restriction of k'(T) to each point is even. For any complex T G 
D(X\ k) we have isomorphisms v (/c'(JF)) = k'{v F) for i the inclusion 
of a point (this follows, for example, from Propositions 2.3.5 and 2.5.13 
of | |KS94] |). By definition, if T is ?-even then the cohomology of i\F 



vanishes in odd degree and is free and therefore flat. Thus k'fa^J 7 ) 
k! ® v x T and k'(F) is ?-even. □ 

We will now restrict our attention to the case when k — O and k! = F 
and k — > k' is the residue map. Recall that O denotes a complete 
discrete valuation ring and F its residue field. We assume that ( |2.1| ) 
and O holds for D(X, O). 

In this case, k'(—) is the modular reduction functor: 

F(-) := F do — : D(X, O) -> D(X, F) 

First we claim that in this situation, the implication of the previous 
theorem is in fact an equivalence. 

Proposition 2.20. A complex J 7 G D(X;Q) is 1-even (resp, 1-odd or 
parity) if and only ifFJ 7 is. 



Remark 2.21. This proposition is analogous to |Ser67| , Prop. 42(a)] 



which states, for a finite group G, a 0[G]-module is projective if and 
only if its reduction is a projective F[G]-module. 

Proof. Having proved "only if" it remains to prove "if". 

Again, it suffices to check the ?-restrictions to points. As before, 
we have v (FjF) = F(r T\ This time, we wish to show that if v (FjF) 
vanishes in odd degree, then v T does too and is a free O-module. 
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The derived category over a point -D(pt; Q) (resp. D(pt; F)) is equiv- 
alent to the derived category of O-modules, -D(Modo) (resp. F- vector 
spaces, -D(Vectf)). The ring O is hereditary, which implies that any 
object in .D(Modo) is isomorphic to its cohomology. Using this one 
can show that if v T has torsion, then Fr T has cohomology concen- 
trated in two consecutive degrees. Hence v T is a free O-module and 
is even. □ 

Proposition 2.22. If 8 £ D(X,Q) is a parity sheaf, then ¥8 is also 
a parity sheaf. In other words, for any C £ Locf (X\, O), we have 

¥8(X,C)^8(X,¥C). 

Proof. For local systems C, C! £ Locf (X\, O) on X\, we have 

(2.5) F g> Hom(£, C) Hom(F£, ¥C') 

Now consider T (resp. Q) in D(X,Q) which is *- (resp. !-) parity. 
Then using Proposition ^]4| and (|2.5|) above for £ = i\T , CJ = i\Q, we 
see that the natural morphism yields an isomorphism: 

F <g> Hom(.F, Q) A Hom(FjT, F^). 

Finally, let T = Q = 8 £ D(X; O) be a parity sheaf. It follows that we 
have a surjection 

End(£) -» End(F^). 
The result then follows from Proposition p.7| . □ 



Remark 2.23. This is a partial analogue to [[Ser67| , Prop. 4.2(b)], which 
states that for each projective F[G]-module F there exists a unique (up 
to isomorphism) projective 0[G]-module whose reduction is isomorphic 
to F. 

2.5. Torsion primes. Our assumptions ( ^.1[ ) and ( |2.2| ) on the space 
X are quite strict. If we work in the equivariant setting, they might not 
even be satisfied when X is a single point. However, once we invert a 
set of prime numbers in k depending on the group G, called the torsion 
primes, the conditions are satisfied at least for a point. In the examples 
we consider in this paper, we show that these are the only primes for 
which our assumptions do not hold. In this subsection, we recall from 
Ste75|| some facts about torsion primes. 



Let $ be a root system in a rational vector space V. Then we denote 
by $ v the dual root system in V*, by Q(<&) the lattice generated by 
the roots, by P ($) the weight lattice (consisting of the elements A £ V 
which have integral pairings with coroots), and similarly by Q($ v ) and 
P($ v ) the coroot lattice and the coweight lattice. 
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Definition 2.24. A prime p is a torsion prime for a root system <3> 
if Q($ v )/Q( ( &i ) has p-torsion for some Z-closed subsystem $! of $. 

For a moment, assume that $ is irreducible. Let us choose some 
basis A of $. Let then at denote the highest root of $, and let 
ct v = J2 a &A n a aS/ he the decomposition of the corresponding coroot 
into simple coroots. Finally, let n y denote the maximum of the n y a . 

Theorem 2.25. //$ is irreducible andp is a prime, then the following 
conditions are equivalent: 

(1) p is a torsion prime for 

(2) p < n v ; 

(3) p is one of the n y ; 

(4) p divides one of the . 

Thus the torsion primes of the irreducible root systems are given by 
the following table: 



A C 


B n (n>3),D n ,G 2 


Eq, e 7 , f 4 


Es 


none 


2 


2,3 


2,3,5 



The torsion primes for a reducible root system $ are the primes 
which are torsion primes for some irreducible component of $. 

Now let G be a reductive group. A reductive subgroup of G is called 
regular if it contains a maximal torus T of G. Its root system may then 
be identified with some subsystem of that of G. 

Definition 2.26. A prime p is a torsion prime for G if tti(G') has p- 
torsion, for some regular reductive subgroup G' of G whose root system 
is integrally closed in that of G. 

(Actually, the requirement that the subsystem should be integrally 
closed in the root system of G is irrelevant here, because our base field 
is C. In ||Ste75|| , this condition is included for some rare cases involving 



non simply-laced groups over a field of characteristic 2 or 3.) 

A reductive group G has the same torsion primes as its derived sub- 
group. Moreover, the torsion primes of any regular reductive subgroup 
G' of G are among those of G. 

The torsion primes of G are those of its root system $ together with 
those of its fundamental group. 

Now let us recall a theorem of Borel Por61| , [RS65| , |Dem73| , |Kac85 



Theorem 2.27. The following conditions are equivalent: 

(1) the prime p is not a torsion prime for G; 

(2) the cohomology H*(G,Z) of G has no p-torsion; 
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(3) the cohomology H*(Bg,%>) of the classifying space of G has no 
p-torsion. 

Moreover, in that case, H*(G,k) is an exterior algebra with genera- 
tors of odd dimensions and is k-free, while H*(Bg, k) is a polynomial 
algebra on corresponding generators of one higher dimension. 

To conclude, if p is not a torsion prime for G, then H G (pt, k) is 
even and torsion-free, and the same is true for any regular reductive 
subgroup G' of G. 

2.6. Ind-varieties. In this section we comment on how the results of 
this section generalise straightforwardly to the slightly more general 
setting of ind-varieties. Recall that an ind-variety X is a topological 
space, together with an filtration 

X C X x C X 2 C . . . 

such that X = UX n , each X n is a complex algebraic variety, and the 
inclusions X n <^-> X n+ \ are closed embeddings. We will always assume 
that each X n carries the classical topology and equip X with the final 
topology with respect to all inclusions X n <^-> X. By a stratification of 
X we mean a stratification of each X n such that the inclusions preserve 
the strata. We will also consider the case where X is acted upon by a 
linear algebraic group G, by which we mean that G acts algebraically 
on each X n and the inclusions X n '—t X n+ i are G-equivariant. For the 
basic properties of ind-varieties we refer the reader to ||Kum02j , Chapter 

4]- 

Now fix a complete local ring k and let 

x=[_\x x 

AeA 

be a stratified ind-variety, or an ind-G-variety with G-stable stratifi- 
cation for some linear algebraic group G. We write D(X) for the full 
subcategory of the bounded (equivariant) derived category of sheaves 
of fc-vector spaces consisting of objects JF such that: 

(1) the support of T is contained in X n for some n; 

(2) the cohomology sheaves of T are constructible with respect to 
the stratification. 



We assume that |2.1| holds for the strata of X\. The notion of parity 



still makes sense and it is immediate that the analogue of Theorem 123 



applies. In particular, given any (equivariant) indecomposable local 
system L e LoCf(X\) there is, up to isomorphism and shifts, at most 
one indecomposable parity sheaf £(X) G D{X) supported on X\ and 
extending £[gT\]- 
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In what follows we will refer without comment to results which we 
have proved previously for varieties, but where an obvious analogue 
holds for ind-varieties. 



3. Semi-small maps and intersection forms 

In their proof of the decomposition theorem for semi-small maps 
||dCM02|| , de Cataldo and Migliorini highlighted the crucial role played 
by intersection forms to the strata of the target: a certain splitting im- 
plied by the decomposition theorem is equivalent to these forms being 
non-degenerate. Then they prove the non-degeneracy using techniques 
from Hodge theory. 

In our situation, where we consider modular coefficients, these forms 
may be degenerate. In this section we explain how the non-degeneracy 
of these forms, together with the semi-simplicity of certain local sys- 
tems, provide necessary and sufficient conditions for the Decomposition 
Theorem to hold in positive characteristic. We also apply this theory 
to the setting of Section ^|, and show that, even if the decomposition 
fails, one can still use intersection forms to determine the multiplicities 
of parity sheaves that occur in the direct image of the constant sheaf. 



In Section |3.1| we recall the definition and basic properties of the in- 

we examine 



tersection form on Borel-Moore homology. In Section |3.2.2 



the Decomposition Theorem at the "most singular point" and relate it 



to an intersection form on the fibre. This is used in Section |3.2.3j to 
relate the Decomposition Theorem to the non-degeneracy of the inter- 
section forms attached to each stratum. Finally, the theory is applied 



to parity sheaves in Section 3.3 



As in the previous section, k denotes a complete local principal ideal 
domain. Thus, if k is not a field, it is a discrete valuation ring and we 
will denote its maximal ideal by m. In this case, "modular reduction" 
will refer to the extension of scalars from k to k/xn and we will denote 
the modular reduction of a /c-module M by M. 

The reader will not miss very much by assuming that k is a field. 
All cohomology groups are assumed to have values in k and, as al- 
ways, dimension always refers to the complex dimension unless other- 
wise stated. With the exception of section |3.3| , we will not assume that 
X satisfies Q or (EJ). 

3.1. Borel-Moore homology and intersection forms. In this sub- 
section we recall some basic properties of Borel-Moore homology and 
intersection forms. For more details the reader is referred to [ Ful93 | or 
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For any variety X we let a x '■ X — > pt denote the projection to a 
point. The dualising sheaf on X is uj x '■= o, [ x k pt . One may define the 
Borel-Moore homology of X to be 

Hf M (X) = H-\a x J x k pt ) = Rom(k x ,u x [-i}). 

Let Y be a smooth and connected variety of dimension n. As Y has 
a canonical orientation (after choosing an orientation on C) we have 
an isomorphism /iy : k_Y — > 

[—2n]. If we regard [iy as an element 
of H^ 1 (Y) it is called the fundamental class. Even if Y is singular 
of dimension n, (Y) is still freely generated by the fundamental 
classes of the irreducible components of Y of maximal dimension. 

Now suppose that F ^ Y is a closed embedding of a variety F 
into a smooth variety of dimension n. For all m we have a canonical 
isomorphism 

H^ M {F) H 2n - m (Y, Y -F). 

Recall that their exists a cup product on relative cohomology. We may 
use this to define an intersection form of F inside Y: 

H P BM (F) ® Hg M (F) H™_ 2n {F) 



H 2n ~P(Y,Y-F) ® H 2n ~ q (Y, Y — F) H 4n ~ p ~ q (Y, Y — F) 

Note that this product depends on the inclusion F Y . It is par- 
ticularly interesting when F is connected, proper and half- dimensional 
inside Y. In this case we obtain an intersection form 

H^iF) ® - Hq M {F) = k 

where top denotes the real dimension of F. From the above comments, 
Hg™{F) has a basis given by the irreducible components of maximal 
dimension of F. It also follows that this intersection form over any ring 
is obtained by extension of scalars from the corresponding form over 
Z. 

The effect of forming the Cartesian product with a smooth and con- 
tractible space on Borel-Moore homology is easy to describe (and will 
be needed below). If U is an open contractible subset of C m , then for 
any i G Z, we have canonical isomorphisms 

Hf M (XxU)^H^ m (X). 

These isomorphisms are compatible with the intersection forms of F <^-> 
Y and F x U ^ Y x U. 



3.2. The Decomposition Theorem for semi-small maps. 
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3.2.1. Bilinear forms and multiplicities in Krull- Schmidt categories. 
Let H and H' be finitely generated free fc-modules and consider a bi- 
linear map 

B : H x H' -> k. 

If k is a field we define: 

± B := {x G H | B(x, y) = for all y G H'}, 
B L := {y G H' | 5(x, y) = for all x G H}. 

If A; is not a field we define 5 and B 1 - to be the unique split submodules 
of H and H' such that 

^ = L B and ~B I =B ± . 

(Note that is the inverse image of B under the canonical quotient 
map H -» H, and similarly for B ± .) Then B induces a perfect pairing 

H/ ± B x H'/B L -> fc. 

and we have equalities 

rank(i// ± J B) = dim^/( ± fi) = rank5 = dimiT 7 /^) = rank(iJ7 J B ± ). 

If H — H' and i? is a symmetric bilinear form then we write radi? 
instead of ± B = B ± . 

Now let C be a Krull-Schmidt /c-category and let a e C denote an 
object. Given any object b G C we can write ~ a®" 1 © c such that a is 
not a direct summand in c. The integer m is called the multiplicity 
of a in b. 

Now assume that End(a) = k and that Hom(a, b) and Hom(6, a) are 
free /c-modules. Composition gives us a pairing: 

(3.1) B : Hom(a, b) x Hom(6, a) -> End(a) = fc 

and we have equalities: 

Hom(a, c) = B C Hom(a, 6) 

Hom(c, a) = 5" 1 C Hom(6, a) 

It follows that the multiplicity of a in b is equal to the rank of the 
modular reduction of B. 

Let us assume further that C is equipped with a duality 

D : C —> C op 

and we have isomorphisms a Z)a and 6 ^> Then, using these 
isomorphisms, we may identify Horn (a, b) and Hom(6, a). In which 
case the composition ( |3.1| ) is given by a symmetric bilinear form on 
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H = Hom(a, b) = Hom(6, a) and the multiplicity of a in b is equal to 
the rank of the modular reduction of this form. 

3.2.2. A semi-small resolution. Consider a proper surjective semi-small 
morphism 

7i : X -*X 

with X smooth and assume that X (and hence X) is of dimension 2n. 
Because tt is semi-small the dimension of each fibre is bounded by n. 
Assume that there exists a point s G X such that F := n~ l {s) has 
dimension n and form the Cartesian diagram: 



X 



W — x 

hop 



Let B s denote the intersection form on H^(F) associated to the in- 
clusion F > X. 



Proposition 3.1. The multiplicity of i*k s as a direct summand of 
7r*fc^[2n] is equal to the rank of the modular reduction of B s . 

Proof. By the discussion of the previous section if B denotes the pairing 
given by composition: 

B : Hom(i*A; s , n*k^[2n}) x Hom(7r*A^[2n], i*kg) — > k 

Then the multiplicity of i*k s in 7r*fc^[2n] is given by the rank of the 
modular reduction of B. A string of adjunctions gives canonical iden- 
tifications: 

Hom(^,7r*^[2n]) = H™(F), 

Eom(n^[2n],uk s )=H™(F). 
Hence we are interested in a pairing 
(3-2) Hgl'iF) x H™{F) k. 

By the lemma below, this is the intersection form. The proposition 
then follows. □ 

Lemma 3.2. The pairing in is the intersection form. 

Proof. By definition we may identify the intersection form with the 
cup product on relative cohomology. Let lo\ and u 2 be classes in 
H 2n (X,X — F). We may represent them by morphisms 

u i '■ hx "~ *■ i\i l k x [2n] uj 2 : k x — > i\i l k x [2n]. 
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Their cup product is the morphism 

loi U lo 2 : k_x ~~ * M'k^[2n] — > fc^[2n] — > m ! fcj^[4n] 

where the middle morphism is the adjunction. By chasing the various 
identifications and adjunctions it is then routine to verify that this 
agrees with the above pairing given by composition. □ 

The proof of Proposition |3J] has the following corollary: 

Corollary 3.3. The natural morphism 

H°{iTi,k x [2n}) -> H°(i*ir*kg[2n]) 

may be canonically identified with the morphism 

induced by the intersection form. 

3.2.3. The general case. In this subsection we assume that X is a con- 
nected, equidimensional variety equipped with an algebraic stratifica- 
tion into connected strata 



AeA 

We write dx for the dimension of X and, as usual, write d\ and i\ 
for the dimension and inclusion of X\ respectively. We fix a smooth 
variety X and a stratified proper surjective semi-small morphism 

f:X^X. 

We want to understand when the perverse sheaf f*k x [d x ] decomposes 
as a direct sum of intersection cohomology sheaves. This may be 
thought of as a global version of the previous section. 

As we have assumed that the stratification of X is algebraic ||CG97 



3.2.23], at each point x E X\, we can choose a stratified slice N\ to X. 
We obtain a Cartesian diagram with N\ smooth: 

Fx ^N x 



(3.3) 

Note that, as / is semi- small, the dimension of F is less than or equal to 
\{dx — d\). If equality holds we say that X\ is relevant (see [ BM83|| ). 

Definition 3.4. The intersection form associated to X\Js the 
intersection form on Hf^_ d (F\) given by the inclusion F\ c — ► N\. 
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Note that (F) is non-zero if and only if X x is relevant. Using 

the discussion at the end of Section [D] it is straightforward to see that 
the above intersection form does not depend on the choice of x. We 
will come back to this below. For each A, we define 

Note that C x is a local system on X x which is non-zero if and only if 
X x is relevant. The aim of this subsection is to show: 

Theorem 3.5. Suppose that the intersection forms associated to all 
strata are non- degenerate. Then one has an isomorphism: 



Mj?fe]^0IC(£ 



x) 
AeA 

In that case, the full Decomposition Theorem holds if and only if each 
local system C x is semi-simple. 

Remark 3.6. It is a deep result of de Cataldo and Migliorini [|dCM02|| 
that in fact, these intersection forms are definite (and hence non- 
degenerate) over Q. The semi-simplicity of each C x over a field of 
characteristic zero is much more straightforward (and is also pointed 
out in ||dCM02|| ): For relevant strata X\ the stalks of C x have a basis at 
any point x G X x consisting of the irreducible components of maximal 
dimension in the fibre f~ 1 (s). The monodromy action permutes these 
components. Hence each local system factors through a representation 
of a finite group, and hence is semi-simple. 

Assume that X x is a closed stratum and set T := f*ky[djA. For any 
C G Locf(A A ) we are interested in the pairing 

Rom(i x *C[dx],J : ') x Hom(J r , i x *C[d x ]) — > End(i x *C[dx])- 

Applying two adjunctions on each side, this is equivalent to determining 
the pairing 

Hom(£,£ A ) x Eom{£ v x ,£) -> End(£) 
where, given morphisms 

C C\ and C\ C 



their pairing is given by the composition 

£ -A £ A - i l x F[-d x ] -> i\r[-d x ] -+c\±c 
where all morphisms except / and g are canonical. Hence it is impor- 



tant to understand the morphism 



(3.4) D x : C x -+ 
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In the following lemma (and its proof), we use the notations in the 
diagram (|3.3|). 

Lemma 3.7. Given x £ X x as above, the stalk of D x at x may be 

canonically identified with the morphism 

Hl M - dx (F x ) - Hl M _ dx (F x )* 

induced by the intersection form associated to X\. 

Proof. Without loss of generality we may assume that X x = U, X = 
N\ x U and X = N x x U, for some contractible open subset U C C dx . 
It follows that the stalk of D x may be identified with the morphism 

H°(r7r^ x [d x - d x }) - H°(i*ir*k^[d x - d x }) 

in which case the result follows from Corollary \5.'3\ . □ 

Applying the adjunction (— <g> C x , — <8> C\) to D x we obtain a mor- 
phism 

B x : C x ® C x -> k x 

and it follows from the above lemma that the stalk of this morphism at 
each point x £ X x is given by the intersection form on H d 3 ^ 1 _ dx (7r~ 1 (x)). 

Let j denote the open inclusion of the complement of X x . We are 
now in a position to prove: 

Proposition 3.8. We have that i x *C x is a direct summand of f*ky[dji\ 
if and only if the intersection form associated to X x is non- degenerate. 
If this is the case we have an isomorphism 

f*kx[dx] ^ i\*C\[d\] ® f*kx[dx}- 

Note that Theorem |3.5| follows by a simple induction over the strat- 
ification. 



Proof. The above discussion shows that i x *C x [d x ] is a direct summand 
of f*k x [d x ] •<=>- D x is an isomorphism -<=>- B x is non-degenerate -<==>- 
the intersection form associated to X x is non-degenerate. 

Now assume that i Xif C x [d x ] is a direct summand of f*k x [dx] and 
write f*k x [dx] — ix*£\[d x ] © F for some perverse sheaf T. Then 
T is necessarily self-dual because f*k x [dx] and i Xif C x [d x ] are. Also 
H m (i^JF) = for m > —d x . Hence T = j\*j*f*k x [dx] by the charac- 
terisation of ji* given in ||BBD82| , Proposition 2.1.9]. □ 
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3.3. Decomposing parity sheaves. In this section we keep the no- 
tation from the previous section and assume additionally that our 
stratified variety X satisfies (|2.1|) and (|2.2| ) so that the parity sheaf 
£(A,£) corresponding to an indecomposable local system with torsion 
free stalks £ G Loc f (X A ) is well-defined up to isomorphism if it exists. 
We also assume that the semi-small morphism 

f:X^X 

is even (see Section |273|). It follows that f*k x [d x ] may be decomposed 
into a direct sum of indecomposable parity sheaves 

f*k^} = ^£(\,Cr m{X ' C) 

and we would like to determine the multiplicities m(A,£). 

Remark 3.9. We do not assume that £(A,£) exist for all pairs (A,£). 
However, all the indecomposable summands of the direct image are 
indecomposable parity sheaves, so existence will follow for any pair 
for which the multiplicity is > 0. Moreover, by semi-smallness, these 
£ (A, £) will be perverse. 

Recall the pairing 

B x : £ A ® £ A -> k x 

introduced in the last section. We define the radical of B\ fibrewise as 
in Section |3.2.1| and obtain in this way a sublocal system 

radi?A C £\. 

Theorem 3.10. We have an isomorphism 

f*k x [d x ] — @£(A,£a/ rad£? A )- 

In particular, the multiplicity m(A, £) of an indecomposable parity sheaf 
£(A,£) in f*k x [d x ] is equal to the multiplicity of £ in C\/ r&dB\. 

Proof. By Proposition |2.8| it is enough to prove the theorem for a closed 
stratum X\ C X. Note that the inclusion of rad-B^ in £a is split on 
stalks and hence we have an exact sequence of local systems with torsion 
free stalks: 

radi?A > £a -» £a/ radi?A- 
Our assumption (|2.1|) guarantees that this sequence splits and hence 

£ A ^rad£ A e£ A /radfi A 

and B\ restricts to a non-degenerate form on £\/ r&dB\. The results 
of the previous section then show that 

Mjffe] ^£ A /rad£A©£ 
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for some parity complex 8 having no direct summand supported on 
X\. The theorem follows. □ 

4. Applications 

4.1. (Kac-Moody) Flag varieties. In this section we show the exis- 
tence and uniqueness of parity sheaves on (Kac-Moody) flag varieties. 
The reader unfamiliar with Kac-Moody flag varieties may keep the im- 
portant case of a (finite) flag variety in mind. The standard reference 



for Kac-Moody Schubert varieties is ||Kum02| . 

We fix some notation. Let A be a generalised Cartan matrix of 
size I and let q(A) denote the corresponding Kac-Moody Lie algebra 
with Weyl group W, Bruhat order <, length function i and simple 
reflections S = {si}i=i,...z. To A one may also associate a Kac-Moody 
group Q and subgroups N, B and T with B D T C N. Given any subset 
/ C {1, . . . , /} one has a standard parabolic subgroup Vi containing B. 
The group T is a connected algebraic torus, B, N, Vi and Q all have 
the structure of pro- algebraic groups and (Q, B, N, S) is a Tits system 
with Weyl group canonically isomorphic to W. Finally, the set Q/Vi 
may be given the structure of an ind- variety and is called a Kac-Moody 
flag variety. 

Example 4.1. If A is a Cartan matrix then g(A) is a semi-simple 
finite-dimensional complex Lie algebra and Q is the semi-simple and 
simply connected complex linear algebraic group with Lie algebra q, B 
is a Borel subgroup, T C B is a maximal torus, N is the normaliser of 
T in Q, Vi is a standard parabolic and QjVi is a partial flag variety. 

Example 4.2. If A is now a Cartan matrix of size / — 1 and q(A) is the 
corresponding Lie algebra with semisimple simply-connected group G, 
one can obtain a generalised Cartan matrix A by adding an l-th row 
and column with the values: 



a M = 2,a,j = -a j (9 v ),a jj i = -9(a^), 

where 1 < j < I — 1, on are the simple roots of q(A) and 9 is the 
highest root. The corresponding Kac-Moody Lie algebra q(A) (resp. 
group Q) is the so-called (untwisted) affine Kac-Moody Lie algebra 
(resp. group) defined in ||Kum02| , Chapter 13]. It turns out that the 
associated Kac-Moody flag varieties have an alternative description. 
Let K = C((£)) denote the field of Laurent series and O = C[[t\] the ring 
of Taylor series. In this case, the Kac-Moody flag variety Q/Vi, where 
I = {1,...,/ — 1}, can be identified with the quotient G{K) / G{0) also 
know as the affine Grassmannian. Here G(fC) (resp. G(0)) denotes 
the group of /C(resp. C)-points of G. 
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Given a subset / C {1, . . . , 1} we denote by Ai the submatrix of A 
consisting of those rows and columns indexed by /. For any such /, 
Aj is a generalised Cartan matrix Recall that a subset Id {1, . . . , /} 
is of finite type if Aj is a Cartan matrix. Equivalently, the subgroup 
Wi C W generated by the simple reflections Sj for % E I is finite. Below 
we will only consider subsets / C {1, ...,/} of finite type.0 

For any two subsets I, J G {1, . . . , 1} of finite type we define 

I W J := {w E W | Siiu > w and wSj > w for all i E I,j E J}. 
The orbits of Vi on QjVj give rise to a Bruhat decomposition: 

QlVj= □ V I wVj/V J = y 

The Bruhat decomposition gives an algebraic stratification of Q jVj. 

If / = each I X^ J is isomorphic to an afline space of dimension £(w). 
In general the decomposition of I X^ l] into orbits under E gives a cell 
decomposition 

(4.1) 7 X^= |J C^. 

In the following proposition we analyse the strata 

Proposition 4.3. Let k be a ring. 

(1) The graded k-module H'( X^,k) is torsion free and concen- 
trated in even degree. 

(2) The same is true of H£> ( X^,,k) if all the torsion primes for 
Aj are invertible in k. 

Moreover, any local system or Pj-equivariant local system on 1 X^ ] is 
constant. 

Proof. The first statement follows from the fact that ( |4.1[ ) provides an 
affine paving of I Xf u . This also shows that I Xf u is simply connected, by 
the long exact sequence for relative homotopy groups, and hence any 
local system on I Xf u is constant. Note if hi is the reductive part of the 
stabiliser of a point in 1 X^ ] then H is isomorphic to a regular reductive 
subgroup of a semi-simple connected and simply connected algebraic 
group with Lie algebra q(Aj). It follows that any Pf-equivariant local 
system on 1 X^ is constant. We also have 

#;/xi,z) = i^(pt,z). 



Much of the theory that we develop below is also valid G/Vj even when J is 
not of finite type, but we will not make this explicit. 
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By Theorem 2.27 this has no p-torsion for p not a torsion prime for Aj 
and the result follows. □ 

For the rest of this section we fix a complete local principal ideal 
domain k. 

Fix I, J C {1, . . . ,1} of finite type. We consider the following situa- 
tions: 

(4.2) X = Q/Vj, an ind-variety stratified by the Pf-orbits; 

(4.3) X = G/Vj, an md-V r variety. 

If we are in situation (|4.3|) , we assume additionally that whenever we 
choose I C {1, ...,/} of finite type, the torsion primes of Aj are invert- 
ible in k. 

In either case we let Dj(Q/Vy) '■= D(X, k) = D(X) be as in Section 
[2.1| (see also Section |2.6| ). Proposition [4. 3| shows that the stratified 
ind-(V/)-variety Q jV Y satisfies Q and By Theorem |J, it 

follows that there exists up to isomophism at most one parity sheaf 
with support l X^ for each w G I W J . 

The first aim of this section is to show: 

Theorem 4.4. Suppose that we are in situation ( |4.2j ) or ( [4.3| ). For 

eachw G I W J , there exists, up to isomorphism, one parity sheaf S(w) G 
D[(Q/Vy) such that the closure of its support is ! X^. 

Recall that, if we are in the situation ( |4.3|) then, given any three 
subsets /, J, K C {1, . . . , /} of finite type there exists a bifunctor 

d^g/Vj) x Dj{g/v k ) -> Dj(g/v K ) 
{F,g)^r*g 

called convolution (see ||Spr82| , |MV07|| ). It is defined using the convo- 



lution diagram (of topological spaces): 

g/Vj x q/Vk ^Qx Q/v k -4 g x Pj q/Vk ™ g/v K 

where p is the natural projection, q is the quotient map and m is the 
map induced by multiplication. One sets 

F*g-.= mX where q*K, = p*[T Kl Q). 

For the existence of K, and how to make sense of g x g/Vx algebraically, 
we refer the reader to |[Nad05| , Sections 2.2 and 3.3]. 
The second goal of this Section is to show: 



Theorem 4.5. Suppose that we are in situation (|4.3|) . Then convolu- 
tion preserves parity: if T G Dj(g/Vj) and g G Dj{g /Vk) are parity 
complexes, then so is T * g G Dj(Q /Vk) ■ 
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Before turning to the proofs we prove some properties about the 
canonical quotient maps between Kac-Moody flag varieties and recall 
the construction of (generalised) Bott-Samelson varieties. Unless we 
state otherwise, in all statements below we assume that we are in either 
situation Q) or Q. 

If J C K are subsets of {1, . . . , 1} the canonical quotient map 

7T : g/Vj -> g/v K . 

is a morphism of ind-varieties. 

Proposition 4.6. If K is of finite type then both 7T* and it* preserve 
parity. 

Proof. Because a complex is parity if and only if it is parity after ap- 
plying the forgetful functor, it is clearly enough to deal with the non- 
equivariant case (i.e. that we are in situation (|4.2|) ). Moreover, as the 
stratification of Q /Vk by £>-orbits refines the stratification by TVorbits 
we may assume without loss of generality that 7 = 0. By | |Kum02 



Proposition 7.1.5], tt is a stratified proper morphism between the strat- 
ified ind-varieties Q/Vj and Q/Vk- Moreover, the same proposition 
shows that the restriction of 7r to a stratum in Q/Vk is simply a pro- 
jection between affine spaces. If follows that tt is even and hence tt* 



preserves parity complexes by Proposition |2.16 . 

For it* note that it* certainly preserves *-even complexes. However 
our assumptions on K guarantee that it is a smooth morphism with 
fibres of some (complex) dimension d. Hence it 1 = 7T*[2d] and so tt* also 
preserves !-even complexes. □ 

From now on we write tt j k for the quotient morphism Q jVj — » Q/Vk- 
Now, let 7 C Jo D I± C J\ D . . . J n _i D I n be a sequence of finite 
type subsets of {1, . . . , /}. Consider the space 

BS(0, . . . , n) := P Jo V, h . . . V Jn _ 2 Vj n _JV In 

defined as the quotient of Pj x Pj x x • • ■ x Pj n _ l by P Il x P l2 x ■ ■ • x P In 
where (gi, q 2 , . . . , q n ) acts on (p Q ,pi, . . . ,p n -i) by 

(PoQl 1 , qiP^, ■ In-lPn-lQn 1 )- 

This space is a projective algebraic variety with P/ -action. It is called 
a (generalised) Bott-Samelson variety. (In the case where = and 



\Ji\ = 1 for all i, this space is constructed in |[Kum02| , 7.1.3]. The 



general case is discussed in [ LjL05 |). We will denote points in this 



variety by \po,Pi ■ ■ ■ ,Pn-i\- F° r 3 — 1, ■ ■ ■ ,n we have a morphism of 
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ind-varieties 

f j :BS{0,l,...,n)^g/Vi i 

[PO, Pi, ■ ■ ■ , Pn) ^ PO ■ ■ ■ Pj-lPlj ■ 

Below, the map f n will play a special role and we will denote it simply 
by / if the context is clear. The map 

BS(i u . . . , i n ) - g/v h x g/p h x • • • x g/v In 

(fl(p),f2(p),---,fn(p)) 



given by their product is a closed embedding with image (see [|GL05 

Section 7]) 

(4.4) 



(x 1 ,x 2 ...,x n ) e 
g/v h xg/v h x...xg/v In 



for j = 1,2, ... ,n — 1. 
It follows that all the squares in the following diagram are Cartesian: 

BS(0, l,...,n) BS(1, . . . , n) BS(n - 1, n) BS(ra) 

BS(0, . . . , n - 1) — BS(1, . . . , n - 1) BS(n - 1) — G/Vj^ 

: : -.. * Q Pj, , 

bs(o, i) bs(i) g/v j2 

bs(o) — ^g/Vj, 

H 

Proposition 4.7. The sheaf f*kBS(o,i,...,n) e D Io (g/Vi n ) is parity. 



Proof. (See [ KoeOOp . Repeated use of proper base change applied to 
the above diagram gives us an isomorphism 



f*h 



BS(l,...,n) - ^Jn-l^Jn-U 



■ ■ n .h 71 Ji* 71 Jo !±Pj 



where k. Vj ^ denotes the skyscraper sheaf on the point Pj G g /Pj . 
However k Vj is certainly parity and the result follows from Proposition 



4.6 



□ 



We can now prove Theorems [4.4| and f|75 
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Proof. Fix subsets J, J C {1, ...,/} of finite type and choose w G I W J . 



By Theorem 2.S it is enough to show that there exists at least one 



parity sheaf £ such that the closure of the support of S is I X^ S . 



In fact one may show (see [ WI108 , Proposition 1.3.4]) that there exists 



a sequence J = Jo C Jq D I\ C J\ D . . . J n ~\ D J ra = J such that, if 
BS denotes the corresponding generalised Bott-Samelson variety, the 
morphism 

/ : BS - G/Vj 



has image and is an isomorphism over 1 X^. We have just seen 
that /*fc B s is parity, and Theorem [O] follows. 

We now turn to Theorem [4.5| and assume we are in the situation 
(|4~3|). By the uniqueness of parity sheaves, and the above remarks, it 
is enough to show that if 

I = J C J D h C • • • C J n _i D J n = J 
J = I n C J n+ i D J n+ i C • ■ ■ C J m _i D J m = K 

are two sequences of finite type subsets of {1, . . . , /}, BSi and BS2 are 
the corresponding generalised Bott-Samelson varieties and f\ : BSi — ► 
G/Vj and f 2 : BS 2 ^ g/V K then 

/l*^BSi * /2*^BS 2 G DiCS/Vk) 

is parity. 

However, if BS denotes the Bott-Samelson variety associated to the 
concatenation J = J C Jo D • • ■ D J n C • ■ ■ C J m ~i ^> I m = K and 
/ : BS — > g/VK is the multiplication morphism then 

/l*^BSi * f^*t.BS 2 — f*tss 

and the result follows from the proposition above. □ 
Remark 4.8. 

(1) Such theorems have been established for the finite flag varieties 
if is a field of characteristic larger than the Coxeter number 
by Soergel in ||SoeOO|| . 



(2) An important special case of the above is the affine Grassman- 
nian. In this case, parity sheaves are closely related to tilting 
modules (see Section |). 

4.2. Toric varieties. For notation, terminology, and basic properties 



of toric varieties we refer the reader to ||Ful93|| and | Mus05|| . In this 
section T denotes a connected algebraic torus and M = X*(T) and 
iV = X*(T) denote the character and cocharacter lattices respectively. 
If J is a lattice we set Jo := J <8>y. O- 
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Recall that a fan in N is a collection A of polyhedral, convex cones 
in Nq closed under taking faces and intersections. To a fan A in N 
one may associate a toric variety X(A) which is a connected normal 
T- variety. There are finitely many orbits of T on X(A) and the de- 
composition into orbits gives a stratification 

X(A) =\JX T 

tGA 

indexed by the cones of A. For example the zero cone {0} always 
belongs to A and X{ y is an open dense orbit, canonically identified 
with T. 

In this section we fix a complete local principle ideal domain k, take 
(4.5) X = X(A) as a T-variety 

and let Dt(X(A)) = D(X) be as in Section |2TT| . We use the notation 
of Section |2] without further comment. 

Theorem 4.9. For each orbit T , there exists up to isomorphism one 
parity sheaf 8 '(r) G Dt{X(A)) such that the closure of its support is 
T . Moreover, given any proper toric morphism 

f:X(A)^X(A) 

the direct image f*E{r) of a parity sheaf on X(A) is a parity complex 
onX(A). 

Let r G A and let N(t) denote the intersection of N with the linear 
span of r. Then N(r) determines a connected subtorus T T C T. 

Lemma 4.10. The stabiliser of a point x G X T is T T and is therefore 
connected. 



Proof. This follows from the last exercise of Section 3.1 in |Ful93|| . □ 

We now turn to the proof of the theorem. 

Proof. By the quotient equivalence, the categories of T-equivariant lo- 
cal systems on X T and T r -equivariant local systems on a point are 
equivalent. Hence any torsion free equivariant local system on X T is 
isomorphic to a direct sum of copies of the trivial local system k T . We 
have 

Hom'Gt, fc r ) = H' T {X T ) = #*>t) 

which is torsion free and vanishes in odd degree. It follows that the 
T-variety X(A) satisfies fl2.1|) and fl2.2|) . By Theorem |2.9| , we conclude 
that for each r G A there exists at most one parity sheaf £ (r) supported 
on T and satisfying i*S(r) = k T [d T ]. 
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It remains to show existence. Recall the following properties of toric 
varieties: 

(1) For t G A, T is a toric variety for T/T T ([ Ful93| , Section 3.1]). 

(2) For any fan A there exists a refinement A' of A such that X(A') 
is quasi-projective and the induced T-equivariant morphism 

7i : X(A') -^X(A) 

is a resolution of singularities ( |[Ful93| , Section 2.6]). 

(3) For all r in A we have a Cartesian diagram (all morphisms are 
T-equivariant): 




Here X(A T ) and X(A' T ) are toric varieties for T r corresponding 
to r C N(t)q (resp. those cones in A' contained in r). The 
first two vertical maps are the projections. 

By ([]]) it suffices to show the existence of 8{t) when r is the zero 
cone (corresponding to the open T-orbit). For this it suffices to show 
that 7r*fcw A /s is even. In fact, as k x , A ,\[d T ] is self-dual and n is proper, 
we need only show that Tr*k x r A n is *-even. 

By proper base change we have i* 7l *kx(A') — n '*kx T xz- Under the 
quotient equivalence D T (X T ) ^ D Tr (pt), the sheaf 7r'^k x xZ corre- 
sponds to ii^kz G Dt t {pt), where tx : Z — > pt is the projection (of 
T T - varieties). We will see in the proposition below that vr*/cz is always 
*-even. This proves the first part of the theorem. 

For the second part, note that given any r G A we can find a toric 
morphism 

/' : X(A') - X(A) 
such that X(A') is smooth and quasi-projective, and f*k x ^ A ,^ contains 
£{r) as a direct summand. Then (/' o f)*k X (A') is P ar ity an d contains 
f*8{r) as a direct summand. Hence f*£{r) is parity as claimed. □ 

Proposition 4.11. Let r C Nq be a polyhedral, convex cone, such 
that (t) = Nq, A t the corresponding fan, and A' a refinement of r 
such that the corresponding toric variety X(A') is smooth and quasi- 
projective. Let x T denote the unique T- fixed point of X(A T ). Consider 
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the Cartesian diagram: 

Z = u-\x T ) -X(A') 



{X T } *X{Ar) 

Then ir*k z G D T (pt) is a direct sum of equivariant constant sheaves 
concentrated in even degree. 

Proof. It is enough to show that the T-equivariant cohomology of Z 
with integral coefficients is free over iJ^(pt,Z) and concentrated in 
even-degree. We will show that the integral cohomology of Z is free, 
and generated by the classes of T-stable closed subvarieties. The result 
then follows by the Leray-Hirsch lemma (see ||Bri| , Proof of Theorem 

4])- 



We claim in fact that Z has a T-stable affine paving, which implies 
the result by the long exact sequence of compactly supported coho- 
mology. The argument is a straightforward adaption of | pan78| , 10.3 - 
10.7] (which the reader may wish to consult for further details). 

As X(A') is assumed to be quasi-projective we can find a piecewise 
linear function g : Nq — > Q which is strictly convex with respect to 
A'. In other words, g is continuous, convex and for each maximal cone 
a G A', g is given on a by m a G M. The function g allows us to order 
the maximal cones of a as follows: We fix a generic point xq G Nq lying 
in a cone of A' and declare that a' > a if m ff ((io) > m cr (xo). If o~' and 
a satisfy o' > a and intersect in codimension 1, then their intersection 
is said to be a positive wall of a. Given a maximal cone a we define 
7(0") to be the intersection of a with all its positive walls. 

It is then easy to check (remembering that X(A') is assumed smooth) 
that if we set 

C(a)= □ X u 

7((r)Ca;C(T 

then C(o~) is a locally closed subset of X(A') isomorphic to an affine 
space of dimension equal to the codimension of 7(0") in Nq. Lastly note 
that 

z = \Jx a 

were the union takes place over those cones in A' which are not con- 
tained in any wall of r. Hence the order on maximal cones yields a 
filtration of Z by T-stable closed subspaces • • • C F ai+1 C F ai C . . . 
such that F Ui+1 \ F ai is isomorphic to an affine space for all i. The result 
then follows. □ 
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Remark 4.12. With notation as above, X(A') retracts equivariantly 
onto Z. With this in mind, the above arguments (together with the 
reduction to the quasi-projective case in |Dan78|| ) can be used to estab- 



lish the equivariant formality (over Z) of convex smooth toric varieties. 
The elegant Mayer- Vietoris spectral sequence argument of [[BZ03|| may 



then be used to identify the equivariant cohomology ring with piecewise 
integral polynomials on the fan. We have been unable to find such a 
result in the literature. 

4.3. Nilpotent cones. 

4.3.1. Case of the general linear group. Let M C gl n be the nilpotent 
cone. The orbits of G = GL n on M are naturally parametrised by 
partitions A of n, according to Jordan type. Let us denote each such 
orbit by 0\, and let x\ be an element of 0\. We use exponents to 
indicate multiple entries in A. So we can write a partition as A = 
. . . , i r ™), with % x > i 2 > ■ ■ ■ > i m > 0. 
There are several features that are particular to the case of G — GL n . 
First, the centralisers Cg(x\) are connected, so in the G-equivariant 
setting we only have to deal with constant local systems. Secondly, 
there is a semi-small resolution for each nilpotent orbit closure, whose 
fibres admit affine pavings. This is why we deal with this case first. 
We will consider the case of a general reductive group in the next 
subsection. 

In general ( |2.ip is not satisfied by the 0\ if we use ordinary cohomol- 
ogy. However, if we consider instead the equivariant derived category 
D b GLn (N) then we have 

(4.6) H G (O x )=H G (pt)=if' red (pt). 

It is known that G™ d ~ GL n x GL r . 2 x • ■ ■ x GL Tm , if A = (z^ 1 , . . . , i r ™) 
as above. Now the classifying space of GL r . is a direct limit of Grass- 
mannians, all of which admit cell decompositions, hence H GL (pt) is 
concentrated in even degrees, and is torsion-free if we use integer coef- 
ficients. Thus 

H GLriX ... xGLrm (pt) = H' GLri (pt) ® • • • ® H GLrm (pt) 

has the same property. Hence Theorem |2]^ is applicable. For each A, 
there is at most one parity sheaf £(A) with support 0\ (up to isomor- 
phism) . 

For existence, we will use a property which is specific to type A. 
Namely, for each partition A of n we have a G-equivariant semi-small 
resolution of singularities 

T*(G/P y )^O x 
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whose fibres admit affine pavings | HS79|| (here A' denotes the partition 



conjugate to A). It follows that there does exist a parity (even) sheaf 
£(A) with support 0\. Moreover in this case it is perverse (by semi- 
smallness) . 

4.3.2. Case of a general reductive group. Now we consider the nilpo- 
tent cone Af C g in the Lie algebra of any connected reductive group 
G. For groups other than GL n , several difficulties arise. First, the 
centralisers G x are not necessarily connected, already for SL n . So we 
must allow non-trivial G-equivariant local systems. They correspond 
to representations of the finite group A G (x) = G x /G x . 
If O x denotes the orbit of x G Af, we still have 

H G (O x ) = H Gx ( V t) = H G o(pt) 

if the order of A G (x) is invertible in k. 

But the reductive part of the centraliser C x := (G x ) rcd is a reductive 
group for which H c (pt, k) is more complicated than for a product of 
GL r .. In particular, there may be torsion over Z p , and for ¥ p there 
may be cohomology in odd degrees. To avoid these problems, we will 
stay away from torsion primes. 

Now assume that p is not a torsion prime for G, and that it does 
not divide the orders of the A G (x) for x nilpotent. Then for each pair 
(O, C) consisting of a nilpotent orbit together with an irreducible G- 
equivariant local system, there is at most one parity sheaf S(0, C) with 
support O extending £[g?o]. 

It is known ||Lus86| , V, Theorem 24.8] that the intersection coho- 
mology complexes of nilpotent orbit closures, with coefficients in any 
irreducible G-equivariant local system in characteristic zero, are even. 
Thus a similar result holds for almost all characteristics. However, 
work still needs to be done to determine precise bounds on p for parity 
sheaves to exist, resp. to be perverse, resp. to be intersection cohomol- 
ogy sheaves. 

Let us give some partial results on existence. Most importantly, let 
us consider the case of the subregular orbit C rcg in Af '. Then Springer's 
resolution 7r : G x B u — > O rcg = Af is semi-small. Moreover, the 
cohomology of its fibres is free over Z, and concentrated in even degrees, 
by [pCLP88|| . Thus ir is even and semi-small, and S(O reg ) exists and 



is perverse. By Remark we also have existence of E(0,C) for all 
pairs appearing with non-zero multiplicity in the direct image V : = 
' !T *kj\f [dim Af] , that is, those pairs for which £ appears with non-zero 
multiplicity in H~ do (V) / i&dU~ d ° (V) . By semi-smallness, all of these 
are perverse. 
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More generally, one can consider the case of a Richardson orbit O. 
Then there is a parabolic subgroup P of G, with unipotent radical Up, 
such that O H Up is dense in Up. Then we have a semi-small resolution 
G x p Up — > O. However, we do not know in general if it is even. 

For a general nilpotent orbit O, let us recall how to construct a 
resolution of O [[Pan91| . Let x be an element of Odu. By the Jacobson- 



Morozov theorem, there is an s^-triplet (x, h, y) in g. The semi-simple 
element h induces a grading on g, and we can choose the triplet so 
that all the simple roots have degree 0, 1 or 2. Let Pq be the parabolic 
subgroup of G corresponding to the set of simple roots with degree zero. 
Then there is a resolution of the form txq '■ Mo — > O, where Mo = 
G x p ° g> 2 is a G-equivariant sub-bundle of T*(G/P ) = G x p ° u P , 
and 7To is the restriction of the moment map. This resolution is semi- 
small only in the case of a Richardson orbit. To settle the question of 
existence for S(0, k) in general, one should solve the following problem. 

Question 4.13. Is the resolution tto '■ Mo — * O even for any coeffi- 
cients ? Otherwise, for which primes p is the resolution even with 
respect to 7L V or F p coefficients ? 

Finally, for non-trivial local systems, one should also consider cover- 
ings of nilpotent orbit closures. 

4.3.3. Minimal singularities. Suppose that G is simple. Then there is 
a unique minimal (non-trivial) nilpotent orbit in g. We denote it by 
(9 mm . It is of dimension d := 2h v — 2, where h v is the dual Coxeter 
number [|Wan99|| . We will describe the parity sheaf £(O min ), which 



always exists in this case. Indeed, we have a resolution of singularities 

7T : E := G x p Cx min — > O min = O min U {0} 

where x m \ n is a highest weight vector of the adjoint representation and 
P is the parabolic subgroup of G stabilising the line Cx m i n . It is an 
isomorphism over O mm , and the fibre above is the null section, iso- 
morphic to G/P, which has even cohomology. Hence 7r is an even 
resolution, and n^k E [d] is even. 

Let us first mention two general facts that happen when we have a 
stratification into two orbits. 

Lemma 4.14. Suppose X = U U {0} is a stratified variety (thus is 
the only singular point). We denote by j : U — > X and i : {0} — > X 
the inclusions. 

(1) Let V be a *-even complex on X. Then we have a short exact 
sequence 

— ► p j\j*V — ► P H°V — ► u p uV — ► 0. 
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(2) If T is any perverse sheaf on X whose composition factors are 
one time IC(X,F) and a certain number a of times IC(0, F), 
then U m {T\ ~ ft m (IC(X,F)) for all m < -2. 

Proof. We have a distinguished triangle 

3\3*V — > V — > %SV 

which gives rise to a long exact sequence of perverse cohomology sheaves, 
which ends with: 

iSH-H'V — ► P 3U*V — ► P H°V — > i p i*V — > 0. 

Now, p H~ l i*V is identified with (H~~ l V)o which is zero since V is *- 
even. This proves flip. 

For (0), we proceed by induction on a. The result is trivial for a = 0. 
Now suppose a > 1. There is a perverse sheaf Q such that we have a 
short exact sequence of one of the two following forms: 

(4.7) — ► Q — ► T — ► IC(0, F) — > 

(4.8) — ► IC(0, F) — > T — >G — > 

and we can consider the corresponding long exact sequence for the 
cohomology of the stalk at zero. From 7Y m (IC(0, F)) = for m < — 1, 
we deduce in both cases that TC m (J-')o is isomorphic to H m (Q)o for 
m < —2 (at least). The result follows by induction. □ 

Proposition 4.15. The following conditions are equivalent: 

(1) the parity sheaf S(O m i n ,¥) is perverse; 

(2) the standard sheaf p j\(¥_ . [d]) is *-even. 

(3) the standard sheaf p j\(0 [d]) has torsion free stalks; 

'-An in 

(4) for all m < d, the cohomology group if m (0 min , Z) has no p- 
torsion; 

(5) the prime p is not in the list corresponding to the type of G in 
the following table: 





B n , C n , D nj i<4 


G 2 


Eg, E 7 


^8 




2 


3 


2,3 


2,3,5 



Proof. First suppose that £(0 m in, F) is perverse. Then both £(0 min , F) 
and p J!(Fq . [d]) are perverse sheaves with composition factors one time 



IC(C? m i n ,F), and a certain number of times IC(0,F). By Lemma [4.14 
(0), we have 

^ m ( p j!(F Omin [rf])) ^ H m (IC(C> min ,F)) ~ H m (S(O min ,¥)) 

for m < —2. Since ( p j!(F c , m . n [c?])) is concentrated in degrees < —2, 
this proves that p j\(¥ 0m . n [d}) is *-even. Thus (|Ij) (0). 
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Now assume that p j\ (F© . [d] ) is *-even. Let V := Tr*k E [d]. It is 
parity. By Lemma |4.14| ([I]), we have a short exact sequence 

— > p J-(F 0mi Jd]) — — > i.W — 0. 

Since the extreme terms are *-even, we deduce that p H°V is *-even 
as well. But p H°V is self-dual, because V is. Thus p H°V is parity, 
and S(O m i n ,¥) must be a direct summand of P H°V. It follows that 

) is perverse. Thus @ =>• (0). 

That (i (|) (|) is proved in ||Jut08a| , |Jut08b|| . Briefly, 



the stalk p J\{O m i n , Z p )o is given by a shift of if*(O m i n , Z p ) truncated 
in degrees < d - 2, and H d - l (O mhi , Z) = 0, so (|) §). Now, by a 
case-by-case calculation ||Jut08a|| , one finds that (f|) •<=>- (|). 

The fact that H^\ O min ,0) = implies that p 3\{¥ 0m Jd]) = F ®^ 
p j\(O n [d]) by ||Jut09|| . Thus @ <g) by Proposition |^0|. □ 

^min 



Finally, let us recall from [|Jut09|l when the standard sheaf is equal 



to the intersection cohomology sheaf for a minimal singularity. 

Proposition 4.16. Let $ denote the root system of G, with some 
choice of positive roots. Let $' denote the root subsystem of $ gen- 
erated by the long simple roots. Let H denote the fundamental group 
of that is, the quotient of its weight lattice by its root lattice. We 
have a short exact sequence 

— i,(F ® z H) — p m 0m Jd\) — IC(0 min , F) — 

77ms p j\{Ko min [d]) — IC((9 m i n ,F) w/ien p does not divide H. 

5. Parity sheaves on the affine Grassmannian 

5.1. Parity sheaves and tilting modules. In this section, let G 
be the adjoint form of a split simple group scheme over a field k of 
characteristic p, with maximal split torus T and Borel subgroup B D T. 
Let G v denote its Langlands dual group over C, with dual torus T v . 
As is in the example [4.2|, let /C = C((t)) denote the field of Laurent 
series and O = C[[t]] the ring of Taylor series. Let Sr = G V (/C)/G V (C) 
denote the affine Grassmannian for the complex simple and simply- 
connected group G v . 



The geometric Satake theorem MV071 states that representations of 



the Langlands dual group G over k is tensor equivalent to the cate- 
gory of G v ((9)-equivariant perverse sheaves with coefficients in k on $r 



equipped with the convolution product described in Section [4~T . 

The G v ((9)-orbits are labelled by the set A of dominant weights 
of G. We will denote the orbit corresponding to a weight A by Sr^. 



Recall ||MV07| , Prop. 13.1] that, for A a dominant weight, the standard 
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(resp. costandard) representations A(A) (resp. V(A)) go under this 
equivalence to the standard sheaves P J\{\) : = p j\\k x [d\] where j\ : 
S^a ~~ ► S r is the inclusion of the orbit and k x the constant sheaf on 
9r A (resp. P J*(\) : = p j\*k x [d\}). A representation of G is said to be 
a tilting module if it has both a filtration by standard modules and 
by costandard modules (see [ |Jan03| , Chapter E] for a survey of results 
concerning tilting modules). Under geometric Satake, tilting modules 
clearly correspond to perverse sheaves with the same property. There 
exists a unique indecomposable tilting module for each highest weight. 
We will denote it by T(A) and the corresponding tilting sheaffjby T(A). 

In this section we consider S ind-G v (0)-variety. In Section 
we have seen that if p is not a torsion prime for G v , then for all A G A 
there exists a parity sheaf £(A) on $r with support equal to 9^a- 

Theorem 5.1. For p satisfying the conditions of the following propo- 
sition, £(A) = T(X). 

Proposition 5.2. All indecomposable tilting modules appear as direct 
summands of tensor products of the indecomposable tilting modules with 
minuscule or highest short root highest weights of G, under the follow- 
ing conditions forp depending on the root datum for G: 



Remark 5.3. The bounds for types B n and D n can be improved to 
p > 2, as was explained to us by Jantzen using his sum formula. He 
also suggested a better way to prove it, which we hope to include in a 
forthcoming version of this article. 

We postpone the proof of the proposition until the next section. 
The remainder of this section will be dedicated to showing that the 
proposition implies the theorem. 

First, we proceed by checking the equivalence of the indecomposable 
tilting and parity sheaves in the two special cases mentioned in the 
statement of the proposition. 




any p 
p > n — 1 
p > n — 2 



p > n 
p>3 
p > 19 
p > 31 




5 Warning: the notion of tilting sheaf used here is not the same as that 
of ]BBM04| . See Remark |l.4.4| for an explanation. 
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Lemma 5.4. Let n be a minuscule highest weight and «o denote the 
highest short root of G. Then 

(1) £(/i)=T(/i); 

(2) p H°£(a ) is tilting; 

(3) if p is a good prime for G, then £(cto) is perverse and £(oto) = 
T(a ); 

(4) if moreover p \ n + 1 in type A n , resp. p \ n in type B n , then 
actually £(ao) = T(ao) = IC(ao)- 

Proof. (1) The G v ((9)-orbit in Sr corresponding to the minuscule high- 
est weight ji is closed, thus IC(/i) = p j7i(/i) = p J*(jj) = kJdfj], which 
implies £ (/i) = T(fi) = k^d^]. 

(2) Recall ||MOV05| , 2.3.3] that the orbit closure 5r ao consists of two 



strata, a point S^o an d its complement Sr ao , and that the singularity 
is equivalent to that of the orbit closure of the minimal orbit of the 
corresponding nilpotent cone of g v = Lie(G v ). So we can apply the 
results of Subsection 4.3.3| , for G v instead of G. We still denote by V 



the direct image of the shifted constant sheaf under the even resolution 
described there. By Lemma |4.14| (II]), we have a short exact sequence: 



(5.1) - p J,(a ) - ?H°V ^ p H° 3o *j*V ^ 

We have constructed a filtration by standard sheaves and, as P H°V 
is self-dual ( P H° is preserved by duality), duality gives a filtration by 
costandard sheaves. Thus P H°V corresponds to a tilting module under 
the geometric Satake equivalence. 

(3) By Proposition |4.15| , the standard perverse sheaf p <7i( a o) is *- 
even. Recall the short exact sequence |5.1| from the proof of (2). The 
left and right hand terms are *-even, so the middle is as well. The 
sheaf P H°V is self-dual and thus also !-even. We conclude that P H°V 
is parity. By part (2), it is also tilting. Splitting it into parity sheaves 
and into tilting sheaves, as there is a unique indecomposable summand 
with full support, we get £(aio) — T(ao). 

(4) Recall from Proposition [4.16| that we have a short exact sequence 

— ► j ,*k ® z H — > p J,(a ) — ► IC(ao) — > 

(See the proposition for the definition of H, replacing G by G v .) So 
we have p j7i(a ) — IC(a ) — P i7*(«o) — 1~(a ) as soon as p does not 
divide H. Assuming that p is good, we only need to add the conditions 
stated for A„ and B„. □ 



Mirkovic and Vilonen have conjectured that standard sheaves with 
Z coefficients on the afline Grassmannian are torsion free |IMV07||. This 
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conjecture is equivalent to the standard sheaves being *-parity for all 
fields. Actually the minimal nilpotent orbit singularities provide coun- 
terexamples to this conjecture, in all types but in type A n : see [ Put 08b 



where the conjecture is modified to exclude bad primes. We get the 
following reformulation: 

Conjecture 5.5. If p is a good prime for G , then the standard sheaves 
with coefficients in a field of characteristic p are * -parity. 



Remark 5.6. If this conjecture is true, it would imply our theorem |Q 
for all p which are good primes. To see this, assume the conjecture were 
true, i.e. the standard sheaves were *-parity. We claim it follows that 
all tilting sheaves would then be *-parity. This is because any perverse 
sheaf which has a filtration with successive quotients that are *-parity 
is *-parity. On the other hand, tilting sheaves are self-dual and thus 
would also be [-parity. Having shown that the tilting sheaves would be 
parity, it would follow that T(A) = £ (A). 

It is therefore tantalising to ask if the conjecture is equivalent to 
the tilting sheaves being parity. Slightly stronger, one could ask if the 
parity sheaves being perverse implies the conjecture. By Proposition 



4.15|, this stronger claim is true for the highest short root. 



Proof of Theorem \5. 31. The previous lemma shows that for good primes, 



minuscule highest weights and the highest short root, the indecompos- 
able parity sheaves and tilting sheaves agree. 

Now suppose that the indecomposable tilting sheaves T(A), T(/x) are 
parity for two highest weights A, fi. We claim that if an indecompos- 
able tilting module T(v) occurs as a direct summand of the tensor 
product T(A) ®T(/i), then the tilting sheaf T{y) is parity. To see this, 
note that the tensor product corresponds to the convolution of sheaves 
T(A) * T(n), which is parity by Theorem ^Lj^ and perverse. Thus each 
indecomposable summand is parity and T(v) = E(v) as was to be 
shown. 



Proposition [5.2| , which will be proved in the next section, says that 
for p greater than the bounds, every tilting module occurs as a direct 
summand of a tensor product of T(A)'s for A either minuscule or the 
highest short root. Lemma ^| shows that, for good p (and thus for 
all p satisfying our bound), T(A) = S(X) for minuscule highest weights 
and the highest short root. We can then apply the previous paragraph 
to the situation of Proposition and the theorem is proved. □ 



5.2. Generating the tilting modules. We give a case-by-case proof 
of the proposition |5\2|. Because every indecomposable tilting module 
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appears as a direct summand of a tensor product of fundamental tilting 
modules, it suffices to show that, for p greater than the bounds given 
above, all the fundamental tilting modules appear as direct summands 
of tensor products of those tilting modules corresponding to minuscule 
weights or the highest short root. 

In several occasions we needed to know for which primes the Weyl 
modules remain simple, and found the answer in [ J an03 1 , [ Jan91 
015011 



or 



Remark 5.7. We do not know in all cases the exact bound for p for 
the statement in the proposition to hold. However, Stephen Donkin 
pointed out to us that it fails in some cases for p < n in type C n . 



In what follows, We use Bourbaki's notation [ Bou68| , Planches] for 
roots, simple roots, fundamental weights, etc. 

5.2.1. Type A n . All fundamental weights are minuscule, so there is 
nothing to prove. 

5.2.2. Type B n . The weight W\ is the dominant short root and w n is 
minuscule. We have V{w n ) = L{w n ) = T{w n ) for all p, and V(wi) = 
L{wi) = T(wi) for p > 2. 

For 1 < i < n - 1, we have AV(c7i) ~ V{wi) | [Bou75| , Chap. VIII, 



§13]. Moreover, this module is simple, hence tilting, as soon as p > 2. 
If p > i, then the ith exterior power splits as a direct summand of the 
ith tensor power. Thus the claim is true for p > n — 1. 

5.2.3. Type C n . The highest short root is ©2, and the weight w\ is 
minuscule. We have V(w\) = L{w\) = T{wi) for all p, and V{w<i) = 
L(w 2 ) = T(w 2 ) for p \ n. 

For p > n, we have V(Xi) = L(Xi) = T(Aj) for all i, and 

AV(roi) ~ Viwi) © V{wi- 2 ) © • • • 

as this is true at the level of characters, and there are no extension 
between tilting modules. Thus the claim is true for p > n. 

5.2.4. Type D n . There are three minuscule weights: roi,ro„_i,ro n . The 
highest (short) root is w 2 - The Weyl modules for minuscule weights 
are simple, hence tilting, for all p. The Weyl modules for the other 
fundamental weights are simple, hence tilting, as soon as p > 2. More- 
over, we have A l V(wi) ~ V{wi) for 1 < i < n — 2. Thus the claim is 
true for p > n — 2. 
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5.2.5. Type E%. The minuscule weights are w\ and zuq, and the highest 
(short) root is zu 2 . Thus V(zui) and V(w 6 ) are simple, hence tilting, 
for any p, and V{w 2 ) is simple, hence tilting, for p ^ 3. 

We have A 2 V(wi) ~ V(w 3 ) and A 2 V(zu 6 ) ~ 7(g7 5 ), so T(tx7 3 ), resp. 
T(gj 5 ), appears as a direct summand of T(mi)® 2 , resp. T(ro 6 )® 2 , as 
soon as p > 2 (and they are simple Weyl modules). 

We have 

AV(tJ7 2 ) ^ V(tJ7 4 ) © ^(G7 2 ) 

in characteristic zero, and it is still true in characteristic p > 3, as 
V{wi) is simple for p > 3 and ^(©2) is simple for p 7^ 3. Thus T(ro 4 ) 
appears as a direct summand of T(ti7 2 )® 2 as soon as p > 3. 

5.2.6. Type £7. The weight w 7 is minuscule, and the highest (short) 
root is w\. 

For p > 19, we have 

V^)® 2 ~ V^(207i) © V(E7i) © V(ro 3 ) © 7(tJ7 6 ) © V{0) 

V(zu 6 ) © V(ro 7 ) ~ V(w 6 + w 7 ) © V{wi + ti7 7 ) © y(ccj 2 )© 

V(w 5 ) © 1/(ro 7 ) 

7(tZ7 5 ) © V{W 7 ) ~ 1/(U7 5 + W?) © ^(^2 + tJ7 7 ) © V(C71 + ^e)© 

V(tJ7 3 ) © V(w 6 ) © V(ro 4 ) 
and all these Weyl modules are tilting modules. 

5.2.7. Type Eg. There is no minuscule weight. The highest (short) root 
is m$. For p > 31, we have 

V{zu s )® 2 ~ V{2w s )®V{w 7 )®V{w 1 )®V{w s )®V{0) 

V{W 7 ) © V(tOg) ~ y(ti7 7 + G7 8 ) © V(E7l + G7 8 ) © 7(2tt7 8 )© 

V(t*7 8 ) © y(G7 7 ) © V(W 6 ) © y(d7 2 ) © 

7(a7 6 ) © V"(tZ7 8 ) ~ V{wq + G7 8 ) © V(ro 7 + W 8 ) © V(ro 2 + W 8 )® 

V{WI + tU 8 ) © V{WI + ti7 7 ) © V(tI7 7 )© 

V(w 6 ) © 1/(ro 5 ) © V(ro 3 ) © V{w 2 ) 

V(w h ) © V(tJ7 8 ) ~ V(W 5 + TO 8 ) © 7(tJ7i + TS7 6 ) © 7(1*72 + ^8)© 

V(K7 6 + Ct7g) © V(tZ7i + U7 2 ) © V(W 3 + OT 8 )ffi 
V(e7 2 + CJ7 7 ) © V{W 7 ) © V(ti7 6 )e 
V{Wf>) © 7(U7 4 ) © 7(H7 3 ) 

and all these Weyl modules are tilting modules. 
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5.2.8. Type _F 4 . The short dominant root is U7 4 . For p 7^ 3, we have 

Viw^) = L(ZZ7 4 ) = T(ZZ7 4 ). 

The Weyl module V(ti7i), resp. ^(^73), is simple (hence tilting) for 
p > 2, resp. p > 3 ||Jan91|| . For p > 3, we have 

AV(ro 4 ) ^ Vfa) © ^(w 3 ) 

as this is true in characteristic zero, and there are no non-trivial exten- 
sions between these two simple (hence tilting) Weyl modules. 
Similarly, we have 

AV(ro 4 ) ~ V(w 2 ) © V{wi + w 4 ) © V(vj-i) 

in characteristic zero, and it is still true in characteristic p > 3, as 
the three Weyl modules on the right hand side are simple for p > 3 
(actually the middle one is also simple for p — 3), and there are no 
non-trivial extensions between them, as above. 

So, for p > 3, we can get T{w\) and T{vj^) as direct summands of 
T(ttj 4 )® 2 , and T{vj 2 ) as a direct summand of T(zz7 4 )® 3 . 

5.2.9. Type G 2 . The short dominant root is w\. The orbit closure S^roi 
has a minimal singularity of type g 2 at 0. The Weyl module V(wi) is 
simple, hence tilting, as soon as p > 2. However, the sheaf j7i(ci7i,Fp) 
is parity only for p > 3. 

For p > 3, we have K 2 V{voi) ~ V(?tji) © V(tz7 2 ), as this is true in 
characteristic zero, and these Weyl modules are simple for p > 3. 

5.3. g-Characters for tilting modules. Having proved that the tilt- 
ing sheaves are parity for p sufficiently large, we are able to deduce a 
number of corollaries. The first of which is that there are naturally 
graded characters, or g-characters for tilting modules. More precisely, 

Corollary 5.8. The stalk of the tilting sheaf T(X) at a point in ^r v 
for p larger than the bound in proposition |5.£| has the same dimension 
as the weight space T(X) U and thus the dimension of the weight space 
has natural graded refinement. 

Proof. We need a little bit of notation in order to recall the weight 
functors of Mirkovic-Vilonen. Let t x denote the point of 9^ obtained 
from the character A G Hom(T, G m ) = Hom(C x ,T v ) by composing 
with the natural inclusions Spec(/C) — > C x and T v — > G v . Let 2p 
denote the sum of the positive roots of G. It give an action of C x on 
Sr by composing it with the action of T v on $r. 

Recall that by Mirkovic-Vilonen ||MV07||, the weight space functor F v 



corresponds under geometric Satake to the cohomology with compact 
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support of the restriction to the subvariety 

S u = { x e Sr|lim2p(s)x =f ,} 

i.e. the attracting set of t u for the C x -action defined by 2p. 

In the terminology of Braden [BraOijj, this is an example of a hyper- 



bolic localisation. Namely, t u is an isolated fixed point of the C x -action 
2p, and if we denote the inclusions / + : {t u } — > S v , g + : S v — > $r, then 
the hyperbolic localisation JF ! * = (f + ) l (g + )*J 1 ' of a sheaf T G D{^r) is 
equal to if*(jF| 5iy ), the Mirkovic-Vilonen functor applied to T . 

As explained in [Bra03| , Prop. 3], the local Euler characteristic of a 



sheaf T at a point x is equal to the Euler characteristic of any hyper- 
bolic localisation of T . Therefore, the stalk of a perverse sheaf in the 
Satake category at the point t v has an Euler characteristic of absolute 
value equal to the dimension of the z/-th weight space of the corre- 
sponding representation of G v . On the other hand, the parity sheaf 
T(A) has stalk concentrated in even or odd degree, thus the dimension 
of the stalk and weight space are equal. The stalk has a natural grading 
and thus the dimension of the weight space inherits a natural grading. 

□ 

5.4. Simple S^-modules. One source of interest in tilting modules for 
GL n is that they can be used to compute the dimensions of irreducible 
representations of the symmetric group Sd- In this section, we briefly 
remind the reader how this is done (a more complete survey can be 



found in [|Jan03| , E. 14-17]) and then illustrate how the above theory 
may be used to express these dimensions in terms of the ranks of certain 
intersection forms associated to the affine Grassmannian. 

We first recall Schur-Weyl duality. Let V be a vector space over a 
field k of dimension n, then V is a simple GL(V) -module and one has 
obvious commuting GL{V) and Sd actions on the space V® d . If n > d 
then the group algebra injects into the commutant of the GL(V)-action 
(consider e\ ® e<i ® ■ ■ ■ ® e^). In formulas 

kS d ^End GL{v) (V m ). 

It is a fact known as Schur-Weyl duality that this is actually an iso- 
morphism. It is called a duality because Sd and GL(V) are in fact 
commutants of each other. This fact was first proved by Carter and 
Lusztig ||UL74 l and a geometric proof is to appear in |Mau 



Now the standard representation V of GL(V) is a minuscule repre- 
sentation and thus a tilting module. Recall that the tensor product of 
tilting modules is tilting and any tilting module is a direct sum of inde- 
composable tilting modules T(X). There is therefore a decomposition 
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of V® d into indecomposable tilting modules 



V m = 0T(A) ( 



AeA 

We then have an isomorphism 



kS d = End GL(v) 0T(A) 



AeA 



This isomorphism allows us to write Id = ^2 P r A where pr A denotes the 
projection onto T(A)® mA . Each pr A is central, and hence exactly one pr A 
can act non-trivially on a simple kSd module. Now EndGL(y)(T(A)® mA ) 
and EndGL(v)(T(\)) are Morita equivalent and T(A) is indecompos- 
able so EndGL(y)(^(A)) is a local ring, hence there is only one simple 
EndGL(y)(T(A)® mA )-module, and its dimension is m>. One then con- 
cludes that the dimensions of the simple /cS^-modules are {m\ | A G A}. 

We now translate this onto the affine Grassmannian. By the geomet- 
ric Satake theorem, the tensor product V® d corresponds to the perverse 
sheaf 



IC(Sr 



whose decomposition into indecomposable perverse sheaves we would 
like to understand. Recall that because V is minuscule, IC(u7i) = 
IC(Sr tt71 ) is the constant sheaf fc OTl [n] in all characteristics. 

Let P roi denote the inverse image of Sr mi under the quotient map 
G{K) -> Sr. Let 

Ites(ra«7i) = P roi x G{0) P mi x G(0) . ..P W JG(0). 

and 

7r : Res(nroi) — > Sr 

denote the multiplication. It is a semi-small resolution of singulari- 
ties of S^droi, which is smooth of dimension nd and thus one has an 
isomorphism 

[IC( roi )r d - ^k Rcs{dmi) [nd} 

This implies that the perverse sheaf [IC(tt7i)]* d is parity by the The- 
orem fO| that convolution preserves parity (or alternatively by our The- 



orem |5.1| that the tilting sheaves are parity). 



Hence our earlier machinery applies and we are obtain by the con- 
clusion of section I 



AeA 
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where r\ denotes the rank (over k) of the intersection form attached 
to $r\. It then follows that the dimensions of the simple /cS^-modules 
are also given by these ranks. 



Appendix A. Connections with work of 
Cline-Parshall-Scott 



In the paper of Cline-Parshall-Scott ||CPS93|| , the authors study the 
implications of certain parity vanishing of Ext groups in the derived 
category of a highest weight category C. Let A denote the weight poset 
and for each A G A, let A (A) be the standard object (or 'Weyl object') 
and V(A) the costandard object (or 'induced object'). Cline-Parshall- 
Scott consider objects M G D b {C) such that 

Ext^ (c) (M,V(A)) = 

for either all odd or even k (they say such an object is in £ L or £ L [1]). 
Our notion of *-parity could be understood as a geometric analogue 
of this definition in the category of sheaves D(X). To see this, recall 
that the costandard objects in the category of perverse sheaves are the 
perverse *-extensions. By the adjunction of the pair (j*, p j*), 

Ext D{x) (M, p (j x )*C) = Ext D(Xx) (M\ Xx ,C)- 

If the complex Ai is *-parity, then Ai\x x has parity- vanishing cohomol- 
ogy and by our assumption of vanishing Hom n (£', £) in odd degree, we 
get that the Ext-groups satisfy parity-vanishing. Similarly for !-parity 
complexes and Cline-Parshall-Scott's objects in E R . 

Using their parity objects, the main theorem of ||CPS93| reduces the 



Lusztig conjecture to a statement about the non-vanishing of Ext 1 be- 
tween simple modules with p-regular highest weights which are mirror 
images of each other across adjacent p-alcoves. 

If one considers a space X which satisfies our conditions and such 
that the category of perverse sheaves on it is a highest weight cate- 
gory, then it makes sense to compare, at least for perverse sheaves, our 



geometric notion of parity with the algebraic one of ||CPS93 ] 



Beilinson-Ginzburg-Soergel | BCS96 ] consider the case when the strat- 



ification is made up of afline cells and the coefficients are C. In this 
case, they note that there is a natural functor from the algebraic to 
the geometric and that it is an equivalence. In such a situation, for 
example on the flag variety G/B stratified by 5-orbits (or the afline 
Grassmannian by its Iwahori orbits) with respect to the constructible 
derived category, the vanishing studied here should coincide with that 
of Cline-Parshall-Scott. 
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More generally, if the strata of X are not contractible (for example 
the Satake category), or if we work in the equivariant derived cate- 
gory, the Ext groups are, in some sense, much bigger in the geometric 
category, D(X), than in the derived category of perverse sheaves. 
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